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ABSTRACT 
A practicable model  of the growth process,  which  gives better definition  to the 
problem of growth and  growth regulation and  greater precision  to related experi- 
mental work than do earlier  models, is developed  on the basis of the following as- 
sumptions: "Growth" is the net balance of mass produced and retained over mass 
destroyed and otherwise lost, implying continual metabolic degradation and replace- 
ment.  Terminal  size  represents  stationary  equilibrium  between  incremental  and 
decremental components.  The mass  of an organic  system consists  of two function- 
ally  different  components,--generative  and  differentiated.  Generative  mass  in- 
creases  by the catalytic action of key compounds  ("templates") characteristic of 
each cell type. Each cell also produces specific freely diffusible compounds  antago- 
nistic to these templates ("antitemplates"). Growth regulation occurs automatically 
by a negative "feedback" in which increasing numbers of antitemplates progressively 
block the corresponding templates. 
Differential  equations  expressing  these  interrelationships  are  formulated,  inte- 
grated, and the solutions evaluated for the case of chick growth.  These specific solu- 
tions lead to descriptions  of the normal growth of a  biological system which are in 
good  agreement with known facts, and  to predictions of the course  of automatic 
growth regulations  after experimental or pathological  disturbances  which reproduce 
adequately biological observations  in this domain. 
INTRODUCTION 
To gain deeper insight into the process of organic growth, both the factual 
approach and the method of mathematical analysis have been used repeatedly 
in the past. The present paper is a  renewed effort to use both approaches in 
conjunction. Starting from empirical data,  the senior author  (P.  W.)  has  in 
recent  years  introduced  a  theory of  growth,  based  on  a  negative  feedback 
mechanism of self-regulation, which can account not only for the sigmoid time 
course of growth  in  general,  but  in  addition  for various  empirically known 
regulatory phenomena (e. g., compensatory growth after injury or mutilation; 
growth "stimulation" by organ extracts; etc.), as well as for the self-limiting 
character of such reactions. In the following, an attempt is made to translate 
the  qualitative  statements  of  that  theory  into  more  precise  mathematical 
1 
J'. GE~. l~YsxoL., 1957, Vol. 41, No. 1 
The Journal of General PhysiologyMODEL  OF GROWTH  AND  GROWTH  CONTROL 
terms and to test the validity and heuristic value of the resulting formulae. It is 
definitely not our intention at this time to  enter into a  comprehensive and 
critical discussion of earlier theories of growth, which our present account is to 
supersede. Our sole purpose here is  to introduce a  practicable model of the 
growth process which will give better definition to the problems of growth and 
growth control, and greater precision to experimental work bearing on those 
problems. 
Although  in_homogeneity  of  composition  and  complexity of  construction 
are outstanding features of the animal organism and of its parts, it is a fact that 
in the treatment of growth, they have often been disregarded or discounted. 
Logically, one cannot expect the growth of such a heterogeneous composite as 
an eye or limb, let alone a whole ardnml, to conform to any single monotonic 
mathematical function. An empirical growth curve is but an enveloping blanket, 
covering underlying changes as diverse as are  the parts under consideration, 
some of which increase, while others remain stationary, and still others regress, 
each according to its own peculiar time schedule and rate. Since this point has 
been elaborated on previous occasions (especially Weiss (1)), we need not dwell 
on it here except to point out the limitations which this composite nature of the 
growth  process  in  complex animals imposes  on  any interpretation of  their 
growth curves. 
An inductive growth curve traced through points of empirical measurements 
is primarily a  convenient.formal portrayal of those changes in time that have 
been measured on a  chosen scale (e.g., Brody (2)). If one proceeds to exploit 
such a curve for analytical purposes, that is, to deduce from it clues as to the 
operation of the processes that underlie the measured changes, one deliberately 
disregards all but the most salient features of the curve, and in doing so, shifts 
precariously from reality toward abstraction. Still, this is necessary, legitimate, 
and profitable so long as the conclusions can be verified. There have been many 
efforts to  derive from growth  curves,  thus  simplified, knowledge about  the 
unknown growth process (e.g., Schmalhausen (3)). 
A  second,  complementary, procedure has been  to  create,  on  the  basis  of 
certain elementary assumptions, a  theoretical model of growth, to project its 
behavior in time into a  model curve and then to check the  gross agreement 
between the latter and known empirical curves. The results of this procedure, 
based  on assumptions that were  either too arbitrary or too sweeping,  have 
mostly been disappointingly sterile or equivocal. It may be noted, for instance, 
that the general sigmoid shape of growth curves can be simulated equally well 
by a number of models, unrelated to each other; e.g., by "autocatalytic" mono- 
molecular reactions  (Robertson  (4))  or by masses subject simultaneously to 
gains in proportion to surface and losses in proportion to volume (Rubner (S), 
von Bertalanffy (6)). Such ambivalence, of course, detracts from their utility as 
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growth than has been used in the more abstract models of the past can the 
procedure be rendered more conclusive. 
One effort in this direction is presented herewith. It has yielded a model more 
fully endowed  with  such  definite  properties  as  actual  growing  systems are 
known,  or must be postulated,  to possess,  Its distinction from prior models 
lies in the closer  approximation to reality of the basic premises,  in its wider 
scope, which extends beyond a  mere representation of growth to growth dis- 
turbances and regulations,  and, above all, in the dissection of the growth prob- 
lem into a series of detailed questions which lend themselves to concrete experi- 
mental  investigations.  The formal model thus has become a  working model. 
But, like its predecessors,  it will still  have to prove its validity and utility in 
future tests. Also, having been developed for the most complex of cases--that 
of  the  metazoan  organism--one  cannot  expect it  to  be applicable  without 
appropriate simplifying  amendments,  to less complex systems, such as plants 
or simple cell colonies. 
THE  BASIC  PI~MISES 
The theory of growth quantitated below was originally derived from a con- 
sideration  of the  automatic  self-regulations  that  follow  growth  disturbances 
within a given system, and of the possible molecular mechanisms that might be 
involved; advanced first in 1945 (Weiss (7), pp. 272-273),  the theory has since 
been restated in several similar  versions (e.g.,  Weiss (8), pp. 180-181;  (9), pp. 
202-203; most explicitly: (I), pp.  198--203), which may be summarized here. 
The basic facts on which it is founded are the following :-- 
I. Growth, as the measured gain of organic mass of a  circumscribed living 
svstem~ is the net balance of mass produced and retained  (incremental  com- 
ponent)  over  mass  destroyed  and  otherwise  lost  (decremental  component) 
within the given boundaries. 
2. The primary instrument of incremental growth is protoplasmic reproduc- 
tion, with or without cell division.  This involves the generation of new units of 
the basic macromolecular systems characteristic of a given cell type; myoblasts 
generating more sarcoplasm,  neurobIasts more neuroplasm, thyroid cells more 
thyroplasm, etc. 
3. Besides its self-reproduction,  each protoplasm manufactures type-specific 
products--e,g.,  myofibrils,  neurofibrils,  and  thyroid  colloid,  respectively, for 
the types just listed. Such products are either retained within the generating 
cells (e.g., myofibrils~ pigment granules,  cilia)  or are extruded into the extra- 
cellular  space  (e.g., hormones,  skeletal  ground  substances,  connective  tissue 
fibers), where they either accumulate or decay, or merely pass through on the 
way to other cells or to the outside, For the purpose of our discussion,  we shall 
lump all these terminal products and all those other fractions of cells and tissues 
that are secondary derivatives, rather than instruments~  of protoplasmic repro- 4  MODEL  OF  GROWTH  AND  GROWTH  CONTROL 
duction, in a  single category, to be designated as "differentiated mass" (D). 
That fraction which remains in reproductive activity, whether within a given 
cell or as a  cell group within a  tissue, (germinal cord or layer), will be desig- 
nated as "generative mass" (G). Since the ratio between G and D varies greatly 
for the various differentiated cell  types and tissues,  true  (generative growth 
rates cannot be estimated from bulk measurements, in which the values for 
G +  D appear as undissociable entities. 
4. Throughout life, and most markedly during the embryonic period, there is 
a progressive conversion of generative into sterile differentiated mass (G ~  D). 
There have been attempts to refer the definite size  limits of animals to  the 
depletion of their generative potential by this conversion. However, such an 
assumption ignores the fact that a  size  ceiling does not connote cessation of 
generative growth, but merely the attainment of stationary equilibrium be- 
tween incremental and decremental processes.  It is further contradicted by the 
fact that even at terminal size  levels growth can still be resumed automati- 
cally, as summarized below. 
5. (a) The total terminal mass of a given cell type within an organism tends 
to become stabilized at a  certain constant value irrespective of the particular 
manner in which the mass is subdivided and distributed (note, for instance, the 
relative  constancy of the volume of the different blood cell  types, notwith- 
standing the wide dispersal and variation of hematopoiefic sources). 
(b)  Upon artificial reduction of the total mass, after it has reached its final 
stationary value, the residual mass tends to restore the original quantity of 
total  mass  by hypertrophy, hyperplasia,  regeneration,  or a  combination of 
these. That such compensatory growth reactions are an expression of a direct 
homeostatic mechanism operating among the homologous members of a  cell 
system, rather than of the stress of hyperfunction, is evidenced by their time 
course, as well as by their occurrence under prefuncfional and other conditions 
in which functional load is of no import (1). 
6. Pulp or extract of given cell types injected into an organism can accelerate 
growth in cells of the homologous types of the host. Under suitable conditions 
this  effect can  be  demonstrated with  tissue  cultures  in  vitro.  Injury to  an 
organ, releasing cell content into the body fluids, may lead to the same result, 
acting synergistically with the phenomenon of point 5. 
Regarding points  5  and  6,  the  following qualifications must  be  borne  in 
mind. Although the  responses are,  in the main, organ-specific,  they usually 
show also admixtures of unspecific effects evidently related  to  the  common 
chemical components of all  cells,  as well as group-specific effects, revealing 
chemical  kinships  of various  degrees  among different organs.  Furthermore, 
automatic growth  reactions  of  the  indicated kind have  by no  means  been 
ascertained for all cell  types, so that the ubiquity of their occurrence cannot 
be taken for granted. They are, however, sufficiently common (see  listing in 
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Such an explanation had to take cognizance of the fact that if the totality 
of a  given tissue mass maintains a  constant value irrespective of whether or 
not the constituent parts are contiguous, there must be some communication 
system among the individual elements by which they can remain posted con- 
tinuously about  the  total size  of their community, and through which they 
can be notified about the sign and magnitude of any alteration of that size. 
The  fact  that despite  the  scrambling  action  of  the  common humoral pool, 
which this communication system must use as its broadcasting medium, re- 
ception is organ-specific, presupposes that each cell  type has its own private 
code, as it were, for communication among its members. To bring this con- 
clusion down from the level of generality to more concrete and testable terms, 
the following hypothetical concept was proposed. 
A  Molecular Concept of Growth Regulation 
1.  Each  specific  cell  type  reproduces  its  protoplasm  by a  mechanism  in 
which key compounds (templates)  characteristic of the  individual cell  type 
act  as  catalysts.  Growth  rate  is  proportional  to  the  concentration of such 
intracellular specific  templates in the free or active state. Under normal con- 
ditions, these compounds remain confined within the cell. They form the core 
of what we have called above generative mass (G). It is irrelevant in the present 
connection whether  one  conceives  of  these  units  as  "self-reproductive" or 
just  as  critically limiting  determinants  of  the  reproductive  process  in  the 
manner suggested previously (Weiss (10), pp. 189-192). 
2.  Part of the generated mass is being turned into non-reproductive differ- 
entiated mass (D; see above) and thereby is rendered sterile. 
3.  In addition to its population of template compounds, each cell also pro- 
duces antagonistic species of compounds (antitemplates) which can block the 
former, for instance, by combining with them stoichiometrically, leaving, for 
the  moment,  the  number  of antitemplates required  for  the  inactivation of 
one template unspecified. These antitemplates may arise as direct by-products 
of the  process  of protoplasmic reproduction or secondarily in  the  course of 
differentiation, or  they may be  produced  continually by  the  generative  or 
differentiated mass.  They may be steric complements to  the  template com- 
pounds or bear some other complementary relation to  them. The only pre- 
requisites are:  (a)  that, contrary to the specific  templates, they be freely dif- 
fusible so as to pass readily back and forth between cell and extracellular space 
and circulation; (b)  that they carry the specific tag of their producer cell type 
which endows them with selective affinity for any and all cells  of the same 
type;  (c)  that  they undergo  continual  metabolic degradation and  eventual 
excretion; and (d) that their production be kept up continuously so as to make 
up for the steady loss under (c). 
4.  Being of intracellular origin, they are absent at first from the extracellular 
medium,  and  the  prevailing  direction  of  their  early  diffusion is,  therefore, MODEL  OF GROWTH  AND  GROWTE  CONTROL 
cellulifugal.  As this process continues to increase their extracellular concentra- 
tion, the concentration gradient from cell to medium, hence, the rate of out- 
ward diffusion,  diminishes  progressively. Accordingly, in terms of equilibria, 
the  number of antitemplates  re-entering  cells from the medium,  hence,  the 
proportion of antitemplates  in the content of a  given cell  at any one time, 
rises steadily. Consequently, as antitemplates,  according to point 3, are sup- 
posed to inactivate  templates in stoichiometric relations,  they render an in- 
creasing  proportion  of  the  homologous templates  ineffective,  resulting  in  a 
corresponding decline of growth rate in all cells of that particular strain bathed 
by the  common humoral  pool. When stationary  equilibrium  between intra- 
cellular  and  extracellular  concentrations  is  reached,  growth  will  appear  to 
have ceased.  The antitemplate  system thus acts as a  growth regulator by a 
negative feedback mechanism.  Since this yields a sigmoid curve for the growth 
of the total mass of each organ system (11), the familiar sigmoid curve for the 
whole organism  would be essentially an  aggregate  of similar  curves for the 
individual constituent organ systems. 
The diagram in Fig. 1 may serve to visualize  the main facets of the theory. 
The various symbols connote the following features of an organism in its early 
growth period:  (a)  the  outer circle---the  boundary of the organism;  (b)  the 
inner circles--four cells belonging to two different types, leaving the area  (c) 
between the outer circle  and  the inner  circles  to represent  the extraceUular 
space  and  particularly  the  humoral  communication  medium;  (d)  double- 
contoured  triangles  or  circles  within  each  cell--the  particular  type-specific 
templates of the generative mass, with arrows indicating  their  reproductive 
activity;  (e)  the  stippled  area  within  each  cell--differentiated  mass,  whose 
derivation from generative mass,  with loss of generative capacity, is indicated 
by the symbol of broken templates; (f) solid  triangles and circles--the type- 
specific  antitemplates  of each  cell,  with arrows indicating  drift;  (g)  double- 
contoured  figures,  enclosing  matching  solid  figures--templates  inactivated 
by conjugation with antitemplates. 
If we were to picture the same system at a later stage of its growth period, 
we should characterize it by larger segments of differentiated mass, a higher 
density of the antitemplate  population  in  the extracellular pool, and  a  cor- 
respondingly larger fraction of blocked templates in the cells. Terminal equilib- 
rium would show all three of these values at relative maxima. 
It can be readily seen that, according to this theory, rate of growtk of any cell 
type is limited by the concentration of specific  antitemplates Sn the common medium, 
and since this concentration is a function of the total mass of protoplasm of 
that particular  type present, any change in aggregate mass will, through  the 
agency of the resulting change of inhibitor concentration, automatically register 
in all related cells. The reactions will be as follows:-- 
(a)  Removal of part of an organ system (e.g., part of the liver or one of the 
kidneys), eliminates part of the sources of the corresponding types of templates PAUL  WEISS  AND  ~.  LEE  KAVANAU 
and antitemplates. Since the former, according to our premise 1, have been in 
intracellular confinement,  neither their former presence  nor their recent loss 
could have been perceptible  to other cells of the system. This does not hold for 
the antitemplates, which are in circulation and a reduction of whose production 
source would become recognizable by the resulting lowering of their concentra- 
tion in the extracellular pool because of the reduced rate of their replenishment. 
FIO. 1. Diagrammatic representation of the theory 
According to points 3 and 4, this would shift the intracellular ratio of templates 
to  antitemplates temporarily in favor of  the  templates,  causing  automatic 
resumption of growth--to all intents, a "compensatory" growth reaction--till 
a steady state is restored. 
In terms of our diagram, reduction of the total mass of a given cell type would 
be symbolized by deleting one of the cells of the illustrated quartet; for in- 
stance,  an upper one. The loss of strictly intracellular triangular templates as 
such  goes unnoticed. However,  the  discontinuance  of  contributions of  tri- 8  MODEL  O~"  GROWTH  AND  GROWTH  CONTROL 
angular antitemplates from the removed cell  to the pool  will result in a  pro- 
gressive decline of their density in that pool, with a  consequent  increase of 
unblocked triangular templates in the remaining cell. 
•  (b)  Addition of cells  (by infusion or transplantation) should have  opposite 
effects depending on whether or not the cells survive,  or rather on the ratio of 
surviving to disintegrating cells. If all cells survive, the net effect would be a 
temporary rise in the concentration of circulating antitemplates of the particu- 
lar type, hence, a  reduction in growth rate of the corresponding host system, 
provided it were still in a phase of overt growth. On the other hand, cells that 
disintegrate release into the extracellular space a  complement of specific tem- 
plates that would otherwise never have escaped. If, on the basis of our earlier 
assumption, these  combine with homologous antitemplates,  this would tem- 
porarily lower  the  effective extracellular antitemplate  concentration,  hence, 
start a  renewed spurt of growth in cells  of the homologous type. Thus,  live 
cells and disintegrated cells would act in the opposite sense. The promotion of 
growth in homologous cell  types by the injection of cell  debris could be ex- 
plained on the same basis, that is, as neutralization of antitemplates in the pool. 
Alternatively, however, one could contend that templates freed from the dis- 
rupted  cells  are  adopted  and  functionally incorporated  by  the  homologous 
host cells  (see Ebert  (12)),  where they would raise the intracellular template 
concentration directly. 
In the diagram, cell disintegration can be represented by erasing the circular 
boundary around one of the type cells. Triangular templates will then spill into 
the extracellular pool and by combining with triangular antitemplates there 
reduce the concentration of the latter. To symbolize injections of cell pulp, one 
would simply have to add some free templates (e.g.,  double-contoured triangles) 
to the extracellular pool. 
(c)  Artificial increase (or decrease) of the liquid volume of the extracellular 
pool will  lower (or raise)  the concentration of the whole antitemplate popu- 
lation;  this  should  automatically  free  blocked  templates  (or  block  free 
templates) in the cell  types concerned, with the result of accelerated (or de- 
pressed) growth (see Glinos and Gey (13)). 
For the purpose of this paper we shall use the more general term "inhibitors" 
in place of antitemplates with the understanding that in  each case these are 
specific  for a  particular cell  type. We  shall also use the terminology "attain- 
ment of terminal size," "cessation of growth," etc., as shorthand references to 
the steady state equilibrium in which no further overt changes  of mass are 
observable. 
BASIC  CONSTITUENTS  OF  THE  ~/[ODEL 
This purely qualitative version of the model was then prepared for a  more 
rigorous quantitative  treatment by singling  out  the  major  component pro- PAUL WEISS  AND  J.  LEE  KAVANAU 
cesses of the complex network of interactions and formulating each separately 
in appropriate mathematical terms. The chief determinants that can be identi- 
fied are the following: 
1.  Reproduction  of Generative  Mass.--The  rate of this process will  depend 
upon  the  amount  of generative  mass  (intracellular  template  concentration) 
present and the intracellular concentration of inhibitors. 
2.  Drain  of  Generative  Mass  into  Differentiated  Mass.--The  rate  of  this 
conversion presumably depends on the amount of generative mass present or 
on the relative amounts of generative and differentiated mass. It may also be 
influenced by the intracellular concentration of inhibitors. 
3.  Production  of  Inhibitors  (Inhibitor  Mass).--The  rate  of  formation  of 
inhibitors will depend on whether they arise in the course of process 1 or 2 or 
are  produced  continually  by  existing  generative  or  differentiated  mass. 
4.  Feedback  Inhibition.--The  extent of inhibition of process 1 and possibly 
of process 2 will be determined by the intracellular concentration of inhibitors. 
The negative feedback is  taken  to  be proportional  to C ~,  in  which  C  is  the 
intracellular inhibitor concentration and x is the number of inhibitor molecules 
required for complete inhibition of one template.  Without detailed knowledge 
of the inhibitory mechanism (e.g., whether it is competitive or non-competitive, 
etc.) it is not possible to formulate any exact scheme of its kinetics.  However, 
it suffices as a  general  approximation to  assume  that  ff one  molecule  of in- 
hibitor inhibits  one template,  the inhibition  will be proportional to  the  con- 
centration; if it requires two molecules, it will be proportional to the square of 
the concentration; if three molecules, to the cube, etc. This relationship results 
from the principle of mass action (cf. Lineweaver and Burk (14)). 
A  feedback mechanism has been explicitly incorporated by Shock  and  Morales 
(15) in a model of the growth of a community of N  cells regarded as a pure repro- 
ductive system. For example, if the division  time for all cells is equal and constant 
and an inhibitor substance is produced by all cells at a  uniform rate, the differen- 
tial equation for the growth of the community is dN/dt  --  aN(b-N),  which is the 
same as the Robertson equation  (4)  (see also the "autointoxication" concept, Des- 
champs (16)). This equation can also be derived from other a priori considerations, 
for example, if a substance N  were being formed from an initial supply of precursor 
b at a  rate proportional to the amount of N  already present. As can be seen from 
the  treatment  below  (Equation  9),  an  equation  of  this  form  also  describes  the 
growth of a  strictly reproductive system N,  if the growth rate is proportional to 
the amount of N  present, and if, in addition,  a  negative feedback proportional to 
the amount of new N  formed is in operation. 
5.  Diffusion  of Inhibitors  between  the  Cells  and  Their  Environment--The 
rate of diffusion will depend upon the concentration gradient and the properties 
of the membranes concerned. In our treatment below we assume that diffusion 10  MODEL OF  GROWTH  AND  GROWTH  CONTROL 
takes place freely and  that  the time required for establishing  equilibrium  is 
rapid enough to be ignored. 
6.  Catabolic and  Other Losses  of Generative, Differentiated,  and  Inhibitory 
Mass.--The  following factors can contribute to these losses: 
(a)  Degradation of substance by ordinary wear and tear. 
(b)  Destruction in the course of functional activity. 
(c)  Decay  of  complex substance  by virtue  of  the  instability  inherent  in 
existence in low entropy states. 
(d)  Elimination by excretion, 
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FIG. 2. Hypothetical growth curves for growth models deficient in one or several 
basic constituents of the complete model. In this and subsequent figures the vertical 
arrow marks the time of chick hatching (21 days). 
Omission of a  consideration  of process 6 would  only be justified  if the extent of 
loss were negligible over long periods,  which  is not likely to be the case for most 
biological  systems.  While  the existence  of such  processes has  long been taken for 
granted, they have been taken into account in previous treatments of the growth 
process  only exceptionally (e.g., by yon Bertalanffy (17) in an equation otherwise 
in  the semiempirical  classical framework). 
Each of the processes 2, 4, and 6--drain of generative mass by differentiation, 
negative feedback, and catabolic loss--has the effect of diminishing the specific 
growth rate (dM/M dt =  d log M/dO of a system which would otherwise tend 
to grow exponentially, as illustrated in Fig. 2. In the initial phase this depression 
is largely to be ascribed to process 2, for in this phase the burden of growth is 
carried by a  generative core of progressively diminishing proportions (Fig. 3). 
Factor 4 has a more prominent effect in later stages, whereas factor 6 has been 
assumed to have a constant effect throughout. PAUL  WEISS AND  7" LEE  KAVANAU  11 
In our treatment,  a  physiological time scale has been adopted which  uses 
as the unit of time the period required for a  unit of generative mass to double 
in the absence of differentiation, of inhibitory feedback,  and  of catabolic loss 
(for details see pp.  15-16).  In the presence of these processes, the  time taken 
for the total mass to double becomes progressively longer; it is stretched out, 
so  to  speak.  By  contrast,  the  specific growth  rate  in  exponential  growth  is 
constant, i.e. the doubling time remains constant, and a plot of log M  against 
t gives a  straight line. 
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FIG. 3.  Relative decrease  of generative mass in  a  growing  system in  which  the 
mass increments are apportioned in the ratio 9:1 between differentiated and  genera- 
tire mass. 
The observation (18) that a plot of log M  against log t is more or less linear over 
limited time intervals of chick growth, accounts for the derivation of empirical equa- 
tions by a  number of investigators  (3,  19-21).  The use of the  logarithm function 
in these treatments, by compressing  the time scale,  tends to offset the  "stretching 
of the  doubling-time interval" introduced  by the  action of processes  2,  4,  and  6. 
This  explains  the  partial  success  of  this  procedure.  The  requirement  of  Schmal- 
hausen  (3),  Levy (20),  and Osgood  (21) that d log M/d log t be constant is equiv- 
alent to the condition that the specific growth rate be inversely proportional to the 
time. In Glaser's (19) treatment this requirement is slightly modified.  Both require- 
ments  lead  to  growth  equations  in  which  the  boundary  value  conditions  for 
biological systems cannot be fulfilled. Similar devices are incorporated into other equa- 
tions which have been more or less  successful  in  expressing  the growth of biologi- 12  MODEL  OF  GROWTH  AND  GROWTH  CONTROL 
cal systems as a function of time over limited periods. In the Gompertz equation,  1 
a  progressive decline  in  the specific growth rate is accomplished  by taking it to be 
equal to the logarithm of an inverse power of the mass plus a constant, i.e., d log M/dt 
-- log M -* -b log M~  =  log (Me~M) ~, in which M, signifies terminal mass. At at- 
tainment of terminal size, M  -  M~,  and  the  specific  growth  rate  becomes zero. 
The yon Bertalanffy equation  (17) accomplishes  this objective by taking the spe- 
cific growth rate to be inversely proportional to a  root of the mass itself minus a 
constant, i.e. d log M/dt  -~  (a/M)~-*-b, in which x  <  1. In the equations of Rob- 
ertson (4), and of Shock  and Morales  (15) , the specific growth rate is taken to be 
proportional to the mass deficit, i.e. d log M/dt  =  a(M~  -  M),  which is equivalent 
to imposing  the operation of a  negative feedback. 
In earlier treatments of the growth problem, including  those referred to in 
the  preceding  paragraph,  the  compound  effect  of  differentiation,  negative 
feedback, and catabolic loss, as they together modify the specific growth rate, 
has been generally dealt with as a  single entity and  accordingly been either 
represented empirically by a  relatively simple function, or given a  theoretical 
formulation which  took account of only one of the contributing factors. It is 
to be expected that any monotonic decreasing function chosen to express the 
decline  in  specific growth  rate,  can  be made  to  fit biological growth  curves 
over the limited periods during which that function corresponds approximately 
to  the  actual  rate  of decline.  But  such  functions  cannot  be expected  to  be 
valid over the entire period of growth, during which different growth-regulating 
mechanisms  may  operate  with  varying  degrees  of  prominence.  What  was 
wanting,  therefore, was a  formulation of growth kinetics which  incorporated 
into  its framework all  the  above mentioned  growth-regulating  factors.  This 
has been attempted in our model which,  while  taking into account the com- 
plexity of the growth problem, yet refrains from introducing  any parameters 
that  cannot be endowed with strictly physical and biological meanings. This 
makes it possible to subject the assumptions and predictions of the model to a 
test of their consistency with observable facts. 
In view of our derivation of the model from considerations of organ growth 
regulation, it would have been desirable, of course, to base the detailed analysis 
on growth records of individual organs. However, because of the lack of data 
of sufficient completeness in the literature, we had to resort to the use of growth 
records  of whole  animals,  assuming  that  organ  growth  in  general  follows  a 
similar course.  This assumption, while presumably not strictly valid for any 
organ, can be accepted for our present purpose as a fair approximation. 
Because  of the  relative abundance  of data  on  the  growth  of the  chicken, 
we have used these as guides in the development of the model for arriving at 
roughly  reasonable  values  for  the  parameters  involved.  The  data  listed  in 
The application of this equation  to biological  growth derives  from a  suggestion 
by Wright (22) that the specific growth rate declines at a uniform relative rate. PAUL WEISS AND J.  LEE  KAVANAU  13 
Table I  are a  composite of the fresh weight pre-hatching data of Schmalhausen 
(23) and early and late post-hatching data of Landauer (24, 25), the latter for 
female Leghorn birds. These values appear as circles in Fig. 4. A weight of 1316 
TABLE I 
Observed Fresh  Total  Body  Weights  of  the  Chicken 
Time  Time  Total body  weight  Total body  weight 
(days)  (physiological)  (gm.).  (percentage  of adult weight) 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
I1 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
29 
36 
43 
5O 
64 
78 
180 
505 
838 
Adult 
0 
4 
8 
12 
16 
20 
24 
28 
32 
36 
4O 
44 
48 
52 
56 
60 
64 
68 
72 
80 
87 
94 
101 
115 
129 
231 
556 
889 
Adult 
0.0002 
0.003 
0.02 
0.055 
0.200 
0.470 
0.836 
1.21 
1.636 
2.846 
3.916 
4.65 
7.43 
9.84 
11.00 
13.65 
16.5 
20.7 
27.8 
33.2 
41.0 
48.22 
59.95 
88.8 
107.8 
209.85 
352.75 
1078 
1186 
1316 
1385 
0.00014 
0.00022 
0.00144 
O. 00397 
0.01444 
0.0339 
0.1)604 
0.0875 
0.118 
0.206 
0.283 
0.338 
0.536 
0.710 
0. 795 
0.986 
1.19 
1.50 
2.01 
2.40 
2.96 
3.48 
4.33 
6.41 
7.78 
15.2 
25.5 
77.8 
85.6 
95.0 
100 
gm. at 838 days is arbitrarily adopted as 95 per cent of the adult weight (the 
weight at attainment of terminal size) and all other weights are expressed in 
fractions of this value for use in calculations. Whether the weight at 838 days 
is precisely 95 per cent of the adult weight is theoretically of minor significance, 
for even if the true value were 92 or 98 per cent, this would cause no essential 
alteration of the chosen growth parameters. 14  MODEL O1  ~ GROWTH AND  GROWTH CONTROL 
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FIG. 4.  Growth of  the  chick  during  its  embryonic and  post-embryonic  periods 
according to observed dam (crosses)  and values predicted from the theoretical model 
(circles).  Insert, enlarged representation of the early growth phase. 
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FIG. ~, Diagrammatic representation of the model (for  the case of inhibitor  pro- 
duction by D). 
For a  glossary  of  terms  and  symbols  used  in  the  following  mathematical 
derivations see Appendix I. 
STRUCTURE OF  THE  MODEL 
The  differential  equations below express  in words the  theoretical  structure 
of the model to be derived. The relationships are further illustrated in Fig.  5. PAUL WEISS AND  J.  LEE KAVANAU  15 
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DERIVATION OF THE M.ATII~:M.ATICAL MODEL 
1A.  3 Basic  Rate  of Reproduction of Generative Mass.--This  is  the  rate  of 
increase  of  generative  mass  (G)  in  the  absence  of differentiation,  negative 
feedback, and catabolic processes. The term expressing this rate depends upon 
the time scale  employed. If, as indicated above (p. 11), the time unit chosen 
is the interval required for unit generative mass  to double, then this rate is 
G log 2. While the length of this physiological time unit need not be known 
exactly, it is essential that the same unit be employed over the entire period of 
growth to be analyzed. 
In this connection it will be noted from the curve for chicken growth (Fig. 4) 
plotted against absolute time, that at the time of hatching there is a  discon- 
tinuity in the slope. This is presumably related to the nutritional changeover 
which occurs at this phase. This changeover cannot fail to affect the relation- 
ship between our adopted physiological time scale and the absolute time scale. 
2  An explicit term for catabolic loss of G has been omitted from Equation 1. This 
practical simplification  for mathematical expediency  is of little consequence,  as G 
amounts to only a small fraction of the total metabolizing  mass, M, and in any case 
there is a pathway for such loss implicit in the framework of the model. 
3  These symbols correspond to those used in Equations I to 3. 16  MODEL  OF  GROWTH  AND  GROWTH  CONTROL 
Thus, if the physiological unit of time after hatching were taken to be 1 day, 
it would have to correspond to only a  fraction of 1 day before hatching. The 
actual  ratio  between the pre-  and  post-hatching  scales  can be roughly esti- 
mated by either elongating the absolute time scale by a  constant factor before 
hatching or condensing it by a  constant factor after hatching, until the two 
curves merge into one with a  continuously changing slope. This occurs at a 
ratio of approximately four to one. Accordingly, we have adopted as the units 
of physiological time for the pre-hatching and post-hatching phases, periods of 
6  hours and  I  day,  respectively. That the absolute value of this unit before 
hatching cannot exceed 6 hours is also apparent from the fact that from the 
1st  to the 2nd day the total mass increases by a  factor of 15  (Table I), i.e. 
approximately 2  4, giving one-fourth day as the maximum pre-hatching doubling 
time. In applying the model to chicken growth, each day is thus set equivalent 
to four units of physiological time before hatching, and to one unit after hatch- 
ing.  Correspondingly,  it  is  mathematically  expedient,  but  also  biologically 
plausible, to assume that the other rate constants, i.e. those for differentiation, 
inhibitor production, and catabolic processes, are likewise geared to physiologi- 
cal time, implying their fourfold slowing at hatching. 
lB.  Generative  Feedback  Term.--The  object  of  this  term  is  to  diminish 
progressively the relative amount of new generative mass formed in unit time. 
Initially, i.e.  at t  =  0,  the feedback is taken to be zero, corresponding to a 
value of unity for the feedback term. At equilibrium, when size has been stabi- 
lized, the magnitude of the feedback should be such as to just allow as much 
new G to be generated as is required to make up for that fraction of the amount 
of G that is being converted to differentiated mass, D, which latter in turn is to 
replace that fraction of D  lost by catabolism; this corresponds to a small frac- 
tional value for the feedback term. With the feedback proportional to a power 
of the  concentration (see p.  9)  we have, feedback  -  ~C  ~.  Normalizing, i.e. 
expressing  this  in  fractions  of  the  equilibrium value  of  the  feedback,  we 
have, 
F~r  ---- feedback  (normalized)  =  ~C*/~C~,  =  (C/C,)*.  (4) 
If b is taken to signify the ratio of actual feedback inhibition at attainment of 
terminal  size  to  maximum  possible  inhibition,  the  feedback  term  becomes, 
F(C)  =  feedback  term  =  (1  --  bF~r)  =  [1  --  b(C/C,)~],  (4 a) 
which  is  normalized, dimensionless,  and  satisfies  the  above boundary value 
conditions. 
The concentration of inhibitors  is  equal  to I/Va,  in  which I  signifies the 
number of inhibitor molecules and Vd the volume of the pool in which they are 
distributed  ("dilution pool"). Their actual values are unknown, yet in order 
to solve Equation 1 it is necessary to express the concentration of inhibitors in PAUL  WEISS  AND  J.  LEE  KAVANAU  17 
terms of G  (or t). This calls for the provisional construction of an accessory 
feedback term such that, 
F(a)  =  [1  -  b(c/c,)']  =  F(c),  (5) 
subject  to  later validation upon  the  basis  of its  consistency with empirical 
growth curves.  Assuming that both G and C  are sigmoid functions of time, 
C" can probably be fairly well approximated by G  ~, in which the value of n 
remains to be determined by actual curve fitting. In fact, G" is one of the few 
functions which would allow a  solution of Equation 1 in a  practically useful 
form. We are thus led to the formulation, 
b(a--6z)7 
F(G)  --  1  G,  --  Go  ]  (6) 
for the feedback term, in which Go is theoretically the initial generative mass 
of the zygote. It follows from Equations 4,  5,  and 6  that,  according to  this 
formulation, 
a'-  c:  7 
The expression (G" -- G.") replaces C" because at t  =  0, G  =  Go ~  0, whereas 
Co is  taken to be  zero.  Accordingly, the expression for the generative mass 
formed is, 
b(a" -  a:) 7  ao,  =  (o log 2)  1  o-~ -- o-# J  ~  (7) 
1C.  Generative  Mass  Lost  (dGa).--Conversion  of generative mass  (G)  into 
differentiated mass (/9) can conveniently be treated by dividing differentiation 
into two components: one component, D, (accretion component), representing 
the building up of D and prevailing during the early growth period, the other 
component, Dc (maintenance component), providing primarily for replacement 
of that fraction of D continually being catabolized. At equilibrium, dGa operates 
solely to replace catabolized D,  hence  the  limiting value of this function is 
dGac =  D,, =  k~G,, in which k2 is the fraction of G, which continues to differ- 
entiate in unit time for the maintenance of D. If dGa were taken to be simply 
kgT, this would amount to assuming a  constant rate of differentiation of G. 
This might be the case if differentiation of G occurred solely as the result of an 
autonomous  maturation  process.  Under  these  conditions  the  amount  of D 
generated by k2G would exceed  the catabolic loss of D  as long as  the ratio 
G/D exceeded the ratio G,/D,  (assuming that D is itself being catabolized at a 
constant rate). However, actual calculations produced values for the rate at 18  MODEL  OF  GROWTH  AND  GROWTH  CONTROL 
which D  could be built up which were too low. What was needed was the ad- 
ditional  term, D,, which takes over the task of building up D  at a  high rate 
during the period when growth is rapid and at a  declining rate as the rate of 
growth decreases. To formulate such a term definitively would presuppose more 
detailed  information  on  how  differentiation  is  controlled  than  we  possess. 
However, there is a possibility that the rate of differentiation, too, is influenced 
by the concentration of inhibitors, and, as a  matter of fact, some progressive 
restraint on differentiation must be introduced if an adequate solution for the 
growth of biological systems is to be attained. One simple answer to this de- 
mand is to place the rate of differentiation also under negative feedback. Thus, 
we have assumed that both growth and differentiation are limited by negative 
feedback of  the  same  origin,  proceeding rapidly when  the  concentration of 
inhibitors  is  low  and  progressively diminishing  as  the  concentration  of  in- 
hibitors increases. According to  this scheme, dGd is formulated as follows :-- 
dG,=  k,G  1  -]-k2G  dt~(k,q-k2)G  l--(k,#~-~(~-~-G~,)]dt  ,  (8) 
=  (D,+D,)dt. 
(kl +  k2) is the initial rate constant for differentiation of G, k~ (see above) is 
the rate constant at terminal equilibrium when the contribution of kl is com- 
pletely suppressed by feedback, and k~/(kl +  h2) is the ratio between the actual 
inhibition of differentiation at  terminal  equilibrium and complete inhibition. 
The differential equation for the growth of the generative mass G then be- 
comes,  4 
G."  -  Go"  J  d~ -  k,G  i  G.~---  ,~ --  k,G ,~.  (9) 
It is interesting to note the manner of the growth regulation of G predicted 
by  this  equation.  During  the  period  when  the  negative  feedback is  small, 
growth is held in check by rapid differentiation. As the feedback increases, it 
progressively takes over as the growth-regulating factor, but it does so by a 
dual process. Its direct effect of inhibiting the reproduction of G is more or 
less balanced against its indirect effect of progressively releasing G from the 
sapping effect of rapid differentiation. This general scheme is compatible with 
the  supposition  of  some  degree of antagonism  between  growth  and  differ- 
entiation as has at times been proposed. 
2.4.  Rate of Gain of Differentiated  Mass by Conversion from G.--This term is 
4 For the case n  --  1, kl  --- k2  =  0, b would equal unity, i.e. 100 per cent inhibi- 
tion at equilibrium,  and Equation 9 would reduce to the equations of Robert.son, and 
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identical with dGd (1C). In formulating the growth component of the model 
we have made the simplifying but otherwise inconsequential assumption that 
at t =  0, the differentiated mass, D, is zero. 
2B.  Rate of Catabolic Loss of Differentiated  Mass.--The loss of D  probably 
involves at least four processes as enumerated above (p. 10). It is reasonable to 
assume as an approximation that the rate of this loss will be proportional to the 
amount of D present; i.e., kvO, in which k3 is the catabolic rate constant. The 
resulting differential equation for D is, 
c'-  c:] 
dD = hlG  1  dr-Jr k2G dt -- ~D dt.  (10)  a:  a:] 
Specific solutions to the above model for the growth of G and D will lead to 
values for the feedback required at any given time t or for any given value of 
the generative mass, G. Therefore, the next task in the solution of the growth 
component of the model is to fit the solutions of Equations 9 and 10 to the 
curve for chicken growth reproduced in Fig. 4. The resulting feedback values 
must then be  examined in order to establish whether a  successful feedback 
model incorporating these values can be formulated; successful in the sense 
that it would not only yield the feedback demanded by the growth model, but 
also give a reasonable rate constant for catabolic loss of inhibitors and be able 
to predict growth reactions after experimental interference and to relate in- 
hibition to inhibitor concentration in a  manner not contradictory to theory. 
3A.  Rate of Production of Inhibitors.--As yet no assumption has been made 
as to the mechanism of production of the inhibitors. There are at least four 
possibilities. They might be formed (a) continually by existing generative mass 
("G--q") or (b) by existing differentiated mass ("D-+I"), or (c) in the process of 
reproduction of G, or (d) in the process of conversion of G to D. These would 
correspond  to  rates  of inhibitor formation, assuming constancy of rate  co- 
efficient, amounting to k4G, k4D, k4dGo, or k4dGa, respectively. The subsequent 
mathematical treatment is valid whether inhibitors are produced by all com- 
ponents of G or D, or merely by certain specific components, provided that the 
growth of the components in question follows the same course as the total 
growth of G or D. Since Equations 9 and 10, which specify the growth com- 
ponent of the model, were derived independently of explicit assumptions as to 
the source of inhibitors, we are free, in testing the feedback component of the 
model, to consider all four possibilities mentioned. 
3B.  Rate  of Catabolic  Loss  of Inhibiters.--We  shall  make  the  reasonable 
assumption that the loss of inhibitors is proportional to the number present 
at any given time, so that the term for this loss is simply k~/, in which k6 is 
the  inhibitor catabolic rate  constant  ("inhibitor decay rate").  Accordingly, 
the four alternative differential equations for the number of inhibitor.s  are, 
dI  =  k4(G;  D; dGa ; dGa) dt -- k6I dt.  (11) 20  MODEL  O1~' GROWTH  AND  GROWTH  CONTROL 
SOLUTIONS  OF  THE  DIFFERENTIAL  EQUATIONS  FOR  THE  GROWTH  COMPONENT 
OF  THE  MODEL 
We proceed next to solving Equations 9 and 10 for G and D. The growth of 
the system, M, which is described by the differential equation, dM  =  dG -b 
dD,  will then be expressed explicitly in terms of time, the rate constants, the 
initial mass Go, the final masses G~ and D o and the exponent n, which relates 
the concentration of inhibitors, I, to generative mass, G. The solutions, G  = 
G(t),  D  =  D(t),  and M(t)  =  G(t)  4-  D(t),  must then be  tested against the 
known data until a satisfactory fit is achieved. 
By substituting in Equations 9 and 10 the boundary values for growth equi- 
librium, at which time both dG and dD  =  O, we obtain the relations, 
k2  =  (1  --  b) log2,  k2G,  =  k~D,.  (12) 
Substituting these relations in Equation 9 gives, 
dG  =  G(log 2  --  kt  --  ha)  ~  G"  dr.  (13) 
L c.  -  .j 
Letting, 
G," --  Go"  a  -b  1 
=  a  =  (log  2  --  ha  --  ha),  (14) 
a  G~  '  ~  a  ' 
the solution obtained by integrating Equation 13, hence the formula for the 
generative mass present at any time t is, 
G,  G. e '~ ~t 
a  (is) 
(1  -.I-ae-"~'~*)u "  (aJce"'~vt)xl  ,*" 
Equation 10 can now be solved utilizing equations 12,  14, and 15, and sub- 
stituting, 
a  k~  1  a 
......  +  nl,  e*  =  -  =  (a +  e "~vt).  (16) 
p  (a_Fena.rt),  nz  notT'  Y  n  p 
The first steps in the solution of Equation 10 lead to the equation, 
I'o  .,D.[  f  f  1' 
Dek't  ----  -~2  (ha  Jr-  ha't)  (e"  --  a)~'-l)e "(*-11")  dz  --  ha"t  (e --  a)ue  -'1"  dz  o. 
However, Equation 17 can only be integrated to give a solution in closed form 
for certain integral values of nl and 1/n.  For nl  <  1, which turned out to be 
the condition fitting the actual growth data, its general solution in open form, 
giving the amount of differentiated mass at any time t, is, 
D,  D =  -- 
~"  (18) 
[e",*[1  -I- n,(y  --  1)S1 --  han,'),&/ha]  --  (a Jr"  1)",[1  -F n,(y  -  l)&o  -  k,n,')'&,dha]] PAUL  WEISS  AND  J.  LEE  KAVANAU  21 
in which $1, S~, S~, and S~ are given by the infinite series, 
p  (y  -  2)p,  .  (y  -  2)  (y  -  3)p, 
=  (1  -  .1) 
S~  -- same as $1 but replace p by 1/7, 
p  2(y  --  1)p 2  3(3'  --  1)(y  --  2)p $ 
32  ---J 
(1  -  nO  (2 -  m)2!  (3 -  nt)3t 
S~  =  same as $2 but replace p by 1/3'. 
(y -- 2)(y -- 3)(y -- 4)p  4 
(4 -- nO4! 
+  -+-  ..., 
4(y  --  l)(y  --  2)(y  -- 3)p 4 
(4-nl)41 
+-+-  .., 
The next task is to ascertain those values for kl, ks, ks, G,/Go and n, which will 
lead to a  solution of the growth component of the model compatible with the 
empirical growth data. If the values of these rate constants and other parame- 
ters turn out to be biologically reasonable, then this solution may be accepted 
as a  basis for further computations. As pointed out above, no arbitrary non- 
interpretable  parameters  have  been  embodied  in  the  model.  Although  the 
parameter n  is arbitrary, it is used only as a  provisional expedient to solve 
Equation 1, but does not appear in the final equations (27, 28,  and 29). The 
values of b, a, "y, nl, D~, etc., are uniquely defined by the above five parameters. 
The problem of evaluating these parameters for the first time to fit a  curve 
for biological growth is one of very great complexity, and it has proved necessary 
to approach it laboriously by trial and error. In fact, we had eventually to 
adopt  a  compromise  solution  which,  although  amenable  to  improvement, 
is sufficiently accurate for our preseat purpose. 
Preliminary attempts  to  evaluate  the  parameters indicated  that  the  sum 
of the rate constants, kl -[- ks, must be a relatively large fraction of log 2, while 
k2 itself could only be a  relatively small fraction of log 2.  From Equations 
10 and 13 it can be seen that under these conditions, as far as the earliest growth 
is  concerned, most  of the new  mass  added in any time increment is differ- 
entiated mass (dD is a  large fraction of G while dG is a  small fraction of G). 
Let us for the moment simplify the model by omitting negative feedback and 
catabolic processes (whose effect in very early growth is relatively insignifi- 
cant). Beginning with unit generative mass which, except for the rapid rate 
of differentiation, would double in each unit of time, we arrive at the growth 
diagram of Fig. 3, which anticipates the value of 0.07 for a obtained in the final 
solution. This corresponds to about 90 per  cent of the mass increments ac- 
cruing to D,  and  10 per cent to G.  Under these  conditions, in  the  first few 
units of time the mass increases by about one unit for each unit of physiological 
time. As explained above (p. 16), this  is  equivalent  to  about  four units  per 
day  during  the  embryonic  phase  of  chick  growth.  Taking  the  measured 
weight  (Table  I)  for  each  day  as  unity, beginning  with  the  1st  day,  the 
relative weight increments during the next following day are  15, 6.33,  2.75,  6 
5  This value, falling out of line of this series derived from Schmalhausen's  table, 
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3.64,  and  2.35.  Since  this series intersects  the  critical  ratio of 4  on  the 4th 
day, we set the starting date of the model as of the end of the 3rd day. This 
conforms with  the  above  assumptions  (pp.  17-18)  according  to  which  in- 
tense differentiation has already been initiated at the zero hour for the appli- 
cation  of the model and is  thenceforth progressively restrained  by feedback 
inhibition. 
The  time conversion scale  of the  model  for a  plot by days is as follows. 
Time equal to zero corresponds to the end of the 3rd day of incubation. The 
value  for  "days since  the  beginning  of incubation"  is  obtained  from physi- 
ological time by dividing by 4 and adding 3 days for time values up to 72 units 
(time of hatching); thereafter simply subtract 51 units. Thus, 68 physiological 
time units correspond to 68/4 n  u  3  =  20 days; 72  units,  to 72/4 n  u  3  --  21 
days (hatching)  --  72  -- 51; 73 units, to 73  -  51  --  22 days, etc. 
With  an approximate time for the beginning  of the validity of the model 
Chosen for testing, i.e.  t  =  O, corresponding to the end of the 3rd day, Go is 
approximately 0.02  gin.  (Table I).  Since  the  terminal weight is taken to be 
1385  gm., G~ q-  D~  =  Mo  =  1385  Go/0.02. The skeleton of Equation  18 can 
be set up for chosen test values of n  and nl. The specification of the value for 
"a" fixes Ge, which in turn leads to a  value for DJG,  =  k~/ka (Equation  12). 
The ratio ks/(log 2  --  kl --  k~)  =  k~/a  =  n  nl'v is also fixed. By choosing a 
test value for k8 all parameters will be uniquely determined. Thus, values of 
a  and k, can be scanned for a  given choice of n  and nl, which in turn must be 
scanned for any given value G, -[- D, determined by the starting time. Equa- 
tion 18 converges only very slowly for most values of n  and n~ and it must be 
expanded to over sixty terms to obtain accurate early pre-hatching values of 
D.  e We  shall  not  go  into  further  details  of  the  exploratory  procedures  for 
evaluating the parameters of Equations  15 and  18.  It is clear, however, that 
one can obtain some guidance  from rough estimates of reasonable ranges of 
values for such parameters as k3 (rate of catabolic loss of D), kl -}- ks (initial 
rate of differentiation of G), GJ(G,  -{- De)  (terminal fraction of the terminal 
mass which is generative),  (a -}-  1)I/"; (the factor by which G  increases from 
the end of the 3rd dayto attainment of terminal size), etc. However, eventually 
6 For many of the results of the analyses presented in this paper, calculations had 
to be carried out to nine decimal places. It was thus necessary to compute tables of 
roots and functions, e  ~, log x, etc.,  with a  calculator having a capacity of ten deci- 
mal places. The function e  ~, for example, could be computed to ten places for small 
values of x with the aid of the usual series  expansions.  For large values of x the val- 
ues of the function  could  be computed by appropriate multiplications.  By testing 
the equations for appropriately chosen  values of t, the number of functional values 
that had to be computed was held to a  minimum, for the argument x could then 
be varied by convenient steps. Roots  to  nine places were computed by trial  and 
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trial and retrial by scanning n, nl, a, k3, and Go +  Do have been required  to 
converge on the solution. 
It greatly raises the plausibility of the model that the approximate solution 
which was attained when it was applied to the observed chicken growth data 
is  completely within  the  bounds  of  reasonable  expectation.  The values  and 
definitions  of  the  parameters  and  meaningful  combinations  of  them  that 
apply in this solution are listed below. 
kl  -- 0.507715945  Go  =  0.02418 gm. 
ki =  0,115431236  Go  =  4,096 Go 
k3  -- 0.00888888889  D,  =  53,190 Go 
b  =  0.833467931  Mo  =  Go +  D, =  57,286 Go 
a  =  63  ~t  -- 1/67 
a  =  0.07  nt  =  1A 
,y  =  64/63  y  =  9/4 
Go~M,  =  0.0715  =  terminal fraction of terminal mass which  is generative. 
D,/M,  -- 0.9285  =  terminal fraction of terminal mass which is differentiated. 
100 k3  -- 0.889  --- daily catabolic loss of Do in per cent. 
100 k~Do/Mo  =  0.825  =  daily catabolic loss of Mo in per cent. 
100 k2  ~-  11.5  =  daily percentage conversion of Go to Do. 
100(kl  +  k,)/log 2  -- 89,9  =  initial percentage rate of conversion of G to D. 
(a +  1)  ~ -- 4096 =  the factor by which G increases between the end of the 3rd day 
of incubation  and attainment of  its terminal value,  Go. 
b  =  0.833  -~  the  ratio of actual  feedback inhibition  of reproduction at  terminal 
equilibrium to maximum possible  inhibition. 
The  corresponding  theoretical  growth  curve is plotted  in  Fig.  4  (crosses) 
together  with  the  observed  values  (circles)  for  chicken  growth.  The  corre- 
spondence is excellent except in the pre-hatching period,  in which  the theo- 
retical values are too low, and in the very late growth (after 202 days) when 
they are too high  (Table II). The fit could be improved by choosing a  later 
time than  the end of the 3rd day as  the beginning  date for the application 
of the  model.  In fact,  the  model  is  quite  adaptable,  and  an almost perfect 
solution could probably be achieved by an appropriate skewing of the curve. 
However, since the data are for total mass and are composite in any event, 
and since the values of the parameters would probably undergo only relatively 
minor changes,  we have not  deemed it  worth  the  expenditure  of  the  great 
additional  effort that  would  be  required  to  obtain  further  refinements. 
In Fig. 6, G, D, and F~ are plotted in per cent of their terminal values (see 
also Table II) together with the corresponding percentage value for the genera- 
tive fraction, G, of the total mass, M. The changes in these entities with time 
7 The value of 1/6 for n signifies that in order to obtain this solution it was neces- 
sary to set the negative feedback proportional to the square root of G (Equation 
6 a), thus proving the adequacy of the accessory feedback term (see pp. 16 and 17). 24  MODEL  OF  GROWTH  AND  GROWTH  CONTROL 
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FIO. 6. Time course of the changes in the various components of the model in per- 
centages of terminal equilibrium values. 
TABLE  II 
Solutions  to  the  Gnnoth  and  Feedback  Corn ~onents 
¢=-¢ t  t  t 
h~sio-  days 
ical 
e  t  14.06  6.516 
e  =  28.13  10.03 
56.25  17.06 
e 5  70.31  20.56 
e e  84.38  33.38 
d  98.44  47.44 
e  s  112.5  61.50 
126.6  75.56 
e  le  140.6  89.63 
e  ~  168.8  117.8 
e  14  196.9  145.9 
¢t6  225.0  174.0 
e  as  253.1  202. I 
c  ,~  337.5  286.5 
Growth  component 
M  G  D  FN 
per cent  per cent  per cent  per cent 
final  final  final  final 
value  value  value  value 
--  0.06504  --  1.004 
0.0994  0.1711  0.09388  2.615 
Feedback  component 
/(per  cent final value) 
G---~I  D--->I 
ki =  kS  = 
0.1067  0,2133 
0.15 
k5  =  ki  = 
0.1067  0.2133 
--  h 
0.6978  1.102  0.6667  9.077 
1.667  2.626  1.604  14.87 
3. 753  5.844  3.598  22.97 
7.694  11.87  7.372  33.41 
14.12  21.56  13.55  45.58 
!23.00  34.61  22.12  58.18 
33.39  49.28  32.17  69.73 
53.25  74.81  51.59  86.28 
67.41  89.43  65.72  94.48 
76.45  95.90  74.95  97.90 
82.40  98.46  81.17  99.22 
91.98  99.92  91.37  100 
0.6799  -- 
1.667  -- 
3.822  4.630 
8.087  9.655 
15.46  18.12 
26.32  30.12 
39.81  44.39 
66.94  71.12 
85.13  87.56 
94.02  95.12 
97.72  98.16 
99.88 
--  0.50 
--  2.0 
4.7  5.5 
9.75  11 
16.8  18.6 
26  28 
45  48 
62  64 
73  74 
80  80 
91  91 PAUL  WEISS  AND  ~.  LEE  KAVANAU  25 
\ 
M 
Z 
! 
G 
0  i  a  ,i,i 
are all quite plausible from the point of view of biological growth. By the end 
of the 7th day, G has declined to about 13 per cent of M, and this percentage 
drops gradually during further growth to about 8.5 per cent at 202 days, when 
the chicken has attained 82.5 per cent of its terminal size. The fact that during 
early growth, the increase of FN is much more rapid than that of G or D is not 
entirely unexpected. To be  sure,  the percentage  of  the final number of in- 
hibitors might be expected to increase at a rate comparable to G or D because 
of their production by either G or D. However, the negative feedback, being a 
function of the inhibitor concentration, depends not merely on the number of 
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FIG. 7. Time course of the changes in the various components of the model (see 
text) in absolute units. The ordinate is expressed in units of 10,000 Go. 
inhibitors but also on the volume of the dilution pool in which they are dis- 
tributed. This volume is, of course, very small in the early embryo so that at 
this time the concentration of the inhibitors in percentage of its final value 
might be  expected  to  be  relatively large  compared  with the  corresponding 
percentages of G or D, as is required by the solution. 
The relative masses of the components of the system (taking Go =  1)  are 
plotted in Fig.  7.  This figure illustrates the cumulative catabolic loss of D. 
It can be seen that at about 232 days this has added up to an amount almost 
equal to the actual weight of the system on that day. The value of k3 indicates 
a  turnover of D  in the adult equal to M6 every 121  days. From the value of 
ks it follows that in the adult it takes 8.66  days to convert an amount of G 26  MODEL  OF  GROWTH  AND  GROWTH  CONTROL 
equal to Go into D. This is the replacement  for D catabolized in the same in- 
terval. 
The relative amounts of D  contributed by the two terms D, and Dc  (see 
p.  17)  for the rates of production of differentiated mass  are  clearly shown. 
The maintenance component,  De,  contributing a  constant fraction (k~G) of 
G is seen to play a  minor role in the first 50 days; while the accretion com- 
ponent, D,, which is under feedback  regulation,  hence contributes a variable 
fraction of G, has almost ceased to contribute by the 200th  day. 
The relative contributions of differentiation, negative feedback,  and cata- 
bolic loss to the solution are shown in Fig. 2. The baseline, or 100 per cent 
line,  represents  the mass corresponding  to the complete  solution.  The other 
curves describe the growth relative to the complete  solution  when differenti- 
ation, negative feedback,  and catabolic  loss are omitted from the solution in 
various  combinations,  leaving  all  rate  constants and  other parameters un- 
changed. It is clear from this graph, as well as from the values of the pertinent 
parameters, that all  three factors make major contributions to the solution. 
This completes the first phase of the analysis. To sum up, we have outlined, 
on the basis of certain general considerations,  the mathematical skeleton for a 
generalized model of biological growth. However, in order to formulate differ- 
ential equations amenable to integration, it was found necessary  to introduce 
a provisional  form for the feedback function in terms of the generative mass. 
The approach to the solution of the model had then to be modified. The single 
problem whether this model would yield consistent solutions when solved for 
empirical  growth data, had to be rephrased  into two separate questions:  (1) 
In what way must the negative feedback be postulated to vary in order to 
obtain a consistent solution for the growth component of the model? and (2) 
Is this postulated variation in satisfactory agreement with the feedback com- 
ponent of the model? Thus, the growth and feedback components have first 
to be considered  separately. Since we have derived above a  consistent and 
reasonable  solution for the growth component of the model,  the postulated 
feedback is defined (Table II and Fig. 6)  and it now remains to answer the 
second question framed above. 
SOLUTIONS  OF  THE  DIFFERENTIAL  EQUATION  ]?OR Tli~3  ]~EEDBACK COMPONENT 
OF THE  MODEL 
Equation 11 on page 19 describes the change  in number of inhibitors with 
time for the four possible mechanisms of inhibitor production. By substituting 
the boundary values for attainment of terminal size, at which time dI  =  O, 
we obtain the relation, 
k,(G,  ; De  ; k2G,  ; kgT,)  =  kzI,.  (19) 
Substituting in Equation 11 gives, 
dl  =  ks[[G/G,  ; D/D,  ; dGa/kgT,,  ; dGa/k~G,]l~  -  I] dr.  (20) PAUL  WEISS AND  J'.  LEE KAVANAU  27 
Integration of this equation in conjunction with Equations 15, 18, 7, or 8 would 
lead to an expression for I  as a function of time, for any given value of ks~ 
the  inhibitor decay rate.  Letting n~  =  k~/na"r, solutions  can  be  obtained 
conveniently for  integral  values  of  n2  corresponding  to  values  0.035556, 
0.071111, 0.10667, 0.14222, 0.17778, 0.21333, etc.,  for ks, as n~ varies by in- 
tegral steps from 1 to 6, etc. 
For the two cases in which the inhibitors are produced either by the process 
of differentiation (dGa) or the process of reproduction of G (alGa), solutions to 
Equation 20 in closed form are readily obtained for integral values of m  (or 
in open form for non-integral  values).  However,  since  these solutions  have 
led to quite absurd curves for the growth of V we have excluded them from 
detailed consideration.  This is one of the instances  in which the quantitative 
interrelationships  established  by the model have made it possible to rule out 
unrealistic alternatives, the inadequacy of which  could not otherwise  have 
been ascertained. 
For the case G-q (p.  19), in which the inhibitors are produced continually 
by G, Equation 20, upon substitution of the explicit value for G from Equa- 
tions 15 and 16, yields the equation, 
(l/Io)d~ j  =  ~  (e" --  a)¢",+t)e  "-"  (21) 
A sample solution, illustrating the case n2 =  3, corresponding to an inhibitor 
decay rate of 0.10667 is, 
(Ill.)  =  e-k,, 
[ 
(~"  --  6ae~ +  lSa'~' --  12aa~ -- 3#e  -"  )  1( 22  ) 
-- [(a +  1) 3 -- 6a(a +  1) 2 +  18a2(a +  1) -- 1263 log (a +  1) -- 3#/(a  +  1)] 
Values of I/I, corresponding to solutions of Equation 22 are tabulated in Table 
II. Since computation of values of I/I, for the early growth period, especially 
for high inhibitor decay rates, would have required calculations to an accuracy 
of far more than 10 decimal places, we have dispensed  with computing data 
for this period, which explains the early gaps in Table II (and Figs. 8 and 9). 
For the case L~I, in which the inhibitors are produced continually by D, 
Equation 20 can only be solved in open form and since, moreover, the solution 
is far too complex to be of practical use,  it was necessary  to return to the 
original system of differential Equations 10, 13, and 20 and to solve them with 
an electronic  analogue  computer which  was  at our disposal.  The values of 
I/I, which were thus obtained are tabulated in Table II. 
COORDINATION  OF  THE  ~2EEDBACK  COMPONENT  WITH  THE  GROWTH  COMPO1WENT 
Several  conditions  are imposed on the complete  solution to the model  by 
the separate solutions for the growth and feedback components. 28  MODEL  OF GROWTH  AND  GROWTH  CONTROL 
From Equations 4 and 6 a it follows that, 
G"  --  G~ 
F. -  --  (c/c,)", 
while by definition, 
(23) 
i.e., 
or~ 
v/vT  (VlV,)Cv,/v~.,) ,  (26) 
MT/MT, 
[ Fraction of the q [ Fraction  of the q 
r'rra tion of the -'1  / nal  volume of /  / adult o  upied / 
Lthe dilution pool._]  Lby dilution pool_] 
Lby[animaldilution°ecupiedlpool_]  =  [ Fraction of the terminal]  (26 a) 
[total mass (or volume) [ 
Lof the adult organism  _l 
Thus, a  second test of the consistency of the solution is the requirement for 
the fraction of the volume of the animal that is occupied by V. 
(z/v)"  if/x,)"  (23 a) 
(C/Co)"  (L/V.)'-  (v/v,)'" 
The values of FN at any given time can be computed from the values of G 
given by Equation 15 (see Table II). Equations 23 and 23 a must be fulfilled 
by the solution to Equation 20. Since FN is known and I/I,  can be computed 
from solutions to Equation 20,  the above conditions can be expressed as, 
(x/i,)  (24)  v/v.  -  (1/FN),I  " 
Since the numerator is derived from the feedback component and the denomi- 
nator from the growth component, Equation 24 reveals a rule of coordination 
between the two components, Thus, one test of the consistency of the solutions 
is furnished by the character of the growth curve for the volume of the di- 
lution pool, V, which these solutions predict. This volume is, of course, almost 
entirely external  to  the  organ system itself, and  since  it represents  an  ap- 
preciable component of the whole body, its growth curve ought to be expected 
to be sigmoid. 
For additional tests of consistency, information concerning the growth of 
the total mass (Mr) or volume (V~.) of the organism is required. For this purpose 
let us assume that the growth curves of both M  and M~. are described by the 
same solution. Since the density of the body is roughly uniform, volumes are 
roughly proportional to masses, so that we may write, 
v/g.-  Vr(V/VO  Mr(V/VO  (25) 
VT,(V,/V2.,)  Mr, V,/VT,) ' PAUL  WEISS  AND  J.  LEE  KAVANAU  29 
Let us now turn to an inspection of the growth of V under the two remaining 
alternatives of inhibitor source. In deriving the growth curves for V/Ve  and 
V/Vr from Equations 20, 21, 24, and 26, we are free to consider various possible 
values for the inhibitor decay rate, ks, and the number of inhibitor molecules 
required for the inactivation of one template, x. The cases x  =  1 and x  =  2, 
for values of k~  =  0.10667  and 0.21333,  have been selected for preliminary 
study. The curves for the growth of V expressed as the fraction of its terminal 
value, i.e. VIVa,  are plotted in Fig. 8. From these curves it will be noted that 
the  model predicts  sigmoid growth  of  V  for both  alternatives  of inhibitor 
source (G-*I; D-->I)  for all selected values of x and k~. It is further evident 
that the predicted growth of V is of the same general character as the growth 
of the inhibitor source. This is due to the fact that the growth of the source 
(G or D) sets an upper limit for the production of the inhibitors, which in turn 
becomes the limiting factor for the growth of the dilution pool (Equation 24), 
since in the later growth period (after about 150 days) FN approaches unity. 
From these predicted growth curves for V, it would appear that for inhibitor 
decay rates of 0.10667 and 0.21333,  the relative volume of the dilution pool in 
the  early growth period  would assume an unreasonably high value,  unless 
feedback inhibition were proportional to a  higher power of C  than the first 
power, for instance F~ ¢c  C  ~. 
To determine the size of V relative to Vr (Equation 26), the constant Ve/Vr, 
must be estimated. This constant is the fraction of the volume of the adult 
chicken which is occupied by the dilution pool. In the adult chicken the blood 
accounts for roughly 3 per cent of the total weight or volume (25).  If we as- 
sume that the total volume of the dilution pool is approximately twice the 
blood volume, a  value of about 0.05 for V~/Vr~  is obtained, which is not un- 
reasonable. To test the consistency of the solution, only a rough approximation 
for this value is required in any event. Substituting this value in Equation 26 
leads to the curves for V/Vr plotted in Fig. 9. 
As can be seen,  this solution predicts that the ratio between the volume of 
the dilution pool and the volume of the body of the animal will progressively 
decline with increasing age. The model further predicts that this ratio will be 
relatively large before hatching and may exceed unity. These predictions are 
in good agreement with the known relative increase in solid bulk during de- 
velopment as well as with the existence of an accessory fluid system in the 
extraembryonic area prior to hatching. Inspection of the curves (Fig. 9) also 
confirms the improbability of inhibitor decay rates as high as 0.10557,  unless 
the inhibition is assumed to be proportional to a  higher power of C than the 
first power;  otherwise  V  would preempt an excessively large portion of the 
volume of the body of the young animal. An apparent minor inconsistency, 
namely, that in all solutions for the cases D---*I, there is a period in develop- 
ment when V/Vr dips slightly below its terminal value VJVr,, may be dis- 
counted in view of the insignificance of the deviation and the rough approxi- 30 
I00 
90  '°I 
~f 
3O 
/O 
MODEL Ol  ~ GROWTH AND  GROWTH CONTROL 
20 
.~-~ 
.2" 
/J¢ 
~ l~/~?  K$=0.10667 
x INHIBITION,~C 
o INHIBITION,x  C  = 
....  I  PRODUCED  BY" G 
Z PRODUCED  BY D  (F 
ioc 
9o 
8o 
;60 
fo 
: 30 
2o 
IO 
,t 
,2  // 
....  ."  -~-~ 
//" 
J/ 
// 
K=-  = 0.ZI333 
o  ~o'  ,~o' 
/ 
11801210  ~o  ~o  ~o  ,zo  ,so  ~o  ~,  o  ~o  6o  ~o 
DA)'e  DA×S 
FIG. 8. Expansion of the dilution pool with age for the various alternative assump- 
tions described in the  text; for inhibitor decay rates of 0.10667  (left)  and 0.21333 
(right), respectively. 
.~ao 
~,  ~o 
t 
'  "J ~0  ~, 
~,I \  ~.~o  . 
"~  ~  Ks=O.IOSS7  Ks=  o.zlaaa 
'  QC  • 
•  "-  N'~  J  I0  "x.  /0  I  ~  -.." -- 
0  30  60  ,90  120  16"0  180  2/0  30  60  90  I;20  150  180  210  DAYS  DAY,.Y 
FIO. 9. Changes L~ relative volume of the dilution pool with age as described in 
the text; for h~ibitor decay rates of 0.10667 (left) and 0.21333 (right), respectively. PAUL  WEISS AND  ]. LEE KAVANAU  31 
mation involved in assumptions that MT grows at the same specific rate as 
M and that the components of G or D producing the inhibitors grow at the 
same specific rates as G or D. 
Thus,  the general  conclusion to be drawn from these two considerations, 
i.e.  the growth of the dilution pool, and the fraction of the animal occupied 
by the dilution pool,  is that either more than one  inhibitor molecule is re- 
quired in the inactivation of one  template or that the inhibitor decay rate 
must be relatively low (lower than 0.10667). Since neither of these conditions 
can be excluded on the basis of the available data, the solution to the feedback 
component can be accepted as being consistent with the solution to the growth 
component.  This strengthens the consistency  of the total solution and is a 
fairly good indication that the structure of the model reproduces the biological 
growth process in its most general aspects. 
The differential equations describing both the normal growth of the system 
and the behavior of the system after experimental or pathological interference, 
comprising the complete solution of the growth model, as derived from Equa- 
tions 9, 10, 20, and 21 are, 
[[  [  ~G  =  U  1  ~  ,og z  --  k,  --  k,  1  (V/V,)=JJ  '  (27) 
-,:  l_,o],,,  (v/v.:]  (28) 
az  =  t~zo[[(c/G,),. (D/D,)] -  X/Z,]  ~  (29) 
PREDICTIONS OF "l~IE  MODEL ]~OR COMPENSATORY  GROWTH  A/rrER EXPERrM~NTAL 
INTERFERENCE 
After developing  this model we are now in a position to subject it to ex- 
perimental tests; i.e., to try to predict the behavior of biological organ systems 
whose normal growth or size has been subject to experimental or pathological 
modifications. In each case the behavior of the model will predict a quantita- 
tive time course of events to be observed in the living object which will have 
to be verified by actual observation in order to validate our basic assumptions, 
or in the case of incongruities  will have to lead to appropriate further amend- 
ments or corrections of these premises. 
Let us first consider compensatory growth following the removal of one-half 
of an organ system; e.g., one kidney, in the adult. In this case, since V is con- 
stant at the adult value, the concentration of inhibitors will simply be pro- 
portional to the number or total mass of inhibitors.  If we normalize the deriva- 
tives, i.e. express dG, diD,  and dI in units of Ge, D~, and Ie, respectively,  the 
special cases of Equations 27, 28, and 29 as applied to the adult are, 
dG  ,=  G(1  -- bI=)(log 2) dt  --  G[k,  +  kt(1  -- I')1 dr,  (27 a) 
dD  =  G[k~  +  kt(1  --  I=)](k,/k2)  dg  --  k3D dr,  (28 a) 32  MODEL  O1  ~  GROWTH  AND  GROWTH  CONTROL 
g1 -- k,[(c or D) -  1] dr.  (29 a) 
At cessation of growth, Ge =  De =  I6 =  1, dG =  dD =  dI  =  O. 
These equations are only valid under the conditions, 
(1-bl') >  0  and  (1-I x) ~0,  (30) 
which is simply the mathematical expression of the fact that the inhibition due 
to negative feedback cannot exceed 100 per cent. The value of I  is not restricted, 
but when I x (or the corresponding terms of Equations 27 and 28) is greater 
than unity, the terms in (1  --  I x) must be dropped from Equations 27 a  and 
28 a (or the corresponding terms must be dropped from Equations 27 and 28), 
and when I x is greater than 1/b, the term in (1  -  bF) must be dropped from 
Equation 27 a, etc. It will be noted that the construction of these equations is 
such that only the kl term (accretion term) is under negative feedback; the 
ks term (maintenance term) is independent of feedback. In other words,  the 
process of  differentiation is  never completely suppressed  during  the  period 
of growth in which the model applies, the maximum inhibition of differentiation 
being 100 kff(kt +  ks) per cent =  81.47 per cent. 
This interlocking network of differential equations describes the manner in 
which equilibrium will be restored after experimental interference; it defines 
the time course according to which increased growth compensates for the loss. 
In  order to obtain  these  compensatory growth  curves for any given set  of 
initial non-equilibrium conditions, the equations must be subjected  to step- 
wise numerical integration (or an equivalent process). 
Since the above equations could not be readily integrated under the con- 
ditions  of  the  cutoff restrictions  (Equations  30)  with  the  computer  at  our 
disposal, we first considered the solutions in the range I  <__  1. This covers a 
sufficient period of initial  compensatory growth  to furnish preliminary data 
by which to test our basic assumptions.  Equations 27 a  and 28 a  were thus 
simplified by removing the cutoff restrictions (Equations 30). For the initial 
conditions G  --  G6/2,  D  =  D J2,  and I  =  16,  corresponding to removal of 
one-half of an organ system in the adult animal,  the solutions for the com- 
pensatory growth  of D  obtained  with  an  electronic analogue  computer are 
given in Table III.  8 For the  particular  solution of the  growth model being 
tested, D represents 92.85 per cent of the total mass of the adult organ system 
so that the figures for the compensatory growth of D  alone are fairly repre- 
sentative of those for the total mass, and can he used as a rough guide in this 
connection. 
8 The cross-bars  at the ends of the columns designate  the approximate  times at 
which C overshoots that value beyond which the solution  is physically meaningless 
(see Equations 30). Where cross-bars  are lacking,  the figures represent results cal- 
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We are not in possession of experimental  data regarding the time required 
for the restoration of one-half  of an organ system by compensatory growth 
in the adult chicken. From what is known of compensatory growth reactions 
after experimental interference in other animals, one would expect that after a 
relatively rapid  onset  the completion  of recovery would  take a  number of 
weeks.  Inspection of Table III shows  that for FN  oc  C,  the compensatory 
reaction would be relatively sluggish, particularly for C--*I and low inhibitor 
TABLE III 
Predictod Compensatory Changes in Differentiatod Mass  after Artificial Reduction of the Organ 
System  to One-Half of Its  Terminal Mass 
Inhibitors produced  by G  Inhibitors produced  by D 
Inhibition  ¢e C  Inhibition cc 0  Inhibition ¢¢ C  Inhibition ~  O 
Inhibitor decay rate  Inhibitor decay rate  /-decay rate  Inhibitor decay rate 
Weeks 0.05333  0.1067  0,2133  0.05333  0.1067  0,2133  0.1067  0.2133  0.05333  0.1067  0.2133 
0  50.0  50.0  50.0  50.0  50.0  50.0  50.0  50.00  50.00  50.00  50.00 
1  51.1  52.0  52.8  52.6  53.70  56.8  53.3  53.39  52.11  53.53  55.97 
2  53.9  58.1  60.6  61.0  62.75  69.8  58.7  50.65  58.15  63.25  68.49 
3  58.5  65.6  68.0  68.5  74.34  80.0  66.2  69.35  67.89  76.94  83.34 
4  64.5  73.4  74.3  82.6  85.39  75.3  78.17  81.08  92.57  96.03 
5  71.5  79.4  77.8  94.3  89.73  83.9  86.07  96.61  105.74  102.85 
6  77.9  83.4  80.0  90.50  93.7  92.40  111.66  112.03  104.95 
7  84.5  81.9  91.46  150.0  96.98  121.99  113.41  105.16 
8  88.8  82.8  94.03  104.3  150.01  125.42  111.34  103.29 
9  91.8  --  96.44  101.85  124.92  106.75  100.18 
10  --  97.69  103.14  120.63  101.25  96.75 
11  --  98.00  103.76  114.75  95.66  94.05 
12  87.0  103.52 
13 
14 
15 
16  90.3 
decay rates. Accordingly,  in computing complete  solutions  (including  cutoff 
restrictions),  we gave preference  to  those  in which  FN  o~  C  2.  Stepwise  nu- 
merical  integration for 0he-half day incremental steps  was carried  out man- 
ually. The solutions for compensatory growth after artificial removal of one- 
half or three-fourths of an adult organ system (inhibitor decay rate 0.10667) 
are plotted in Fig. 10. It will be noted that the compensatory growth curves 
have  oscillatory character,  in most  cases  at first overshooting  the  original 
equilibrium value. The greater the initial loss, the greater is this overshooting. 
This property of a damped oscillation which converges on the stable equilib- 
rium level is common to the manner in which many types of simple physical 34  MODEL  O~"  GROWTH  AND  GROWTH  CONTROL 
systems  (e.g.,  a  pendulum  or  a  gyroscope)  return  to  equilibrium  after  the 
disturbance of the stable state. 
For C,--~I, the model predicts that the restoration of the original mass will 
take place in spurts interrupted by fairly level phases, the latter corresponding 
to the periods of overshooting by C  of Ce, with very little overshooting (or 
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FIG. 10. Predicted compensatory changes in differentiated mass  (top), generative 
mass  (middle),  and  inhibitor concentration  (bottom), after artificial  reduction of 
the organ system to one-half or one-fourth of its terminal mass, for the various alter- 
natives described in the text (inhibitor decay rate =  0.10667). 
exceptionally even none)  of the  original  size.  On  the  other hand,  for D-*I 
the  original  size is  reached in  a  single  spurt  followed by appreciable  over- 
shooting of several weeks duration. In both cases the time required to reach 
the original size level is longer from a residual mass of one-fourth than from a 
residual  mass  of one-half, although overshooting is  more pronounced in  the 
recovery from one-quarter, at least for D-+I. 
The generative component of the total mass overshoots in all cases, much 
as was just described for the total mass. For G-+I, the generative mass stabi- ]PAUL WEISS  AND  J.  LEE  KAVANAU  35 
lizes  relatively  quickly,  undergoing  damped  oscillation  about  the  terminal 
equilibrium value,  whereas for D-*I,  the generative mass  is  sapped by the 
continuing differentiation without  being replenished  commensurately by re- 
production (at least as long as C  ~ >  1)  dropping to a  very low level before 
rising again. Although the computations have not been carried out, one might 
! 
/Z$ 
u  *  I  i  lilt  I  II  ,  I  n  Ill 
/00  --  - 
75  ~~ 
.50 
~e5 
....  -  -k-V  -  .... 
 ,,tt  \  \  1 
| 
~oo  Z  ....  1  ~=  -~"  ...... 
50  ~ION ,,~  C  d 
------  INHIbITIoN  ,~.D,I 
I  I  ,  I  I  I  *  ~  ,  t  , 
O.  I0  20  30  40  ~0  60  70  80  80 
DAY~ AFTER ARTIFICIAL REDUCTION  OF  TOTAL  1'1,4,$5 
FIo. 11. Predicted compensatory changes in differentiated mass  (top), generative 
mass  (middle),  and  inhibitor  concentration  (bottom)  after artificial  reduction  of 
the organ system to one-half  of its terminal mass;  solid curves,  F~  ¢c  C~; broken 
curves, FN  o~ C; inhibitor decay rates, a  =  0.21333, b =  0.10667, c =  0.05333. 
assume  that  in  the latter case,  too, G  will  subsequently converge upon  the 
equilibrium value in an oscillatory fashion. This behavior of G would appear 
to rule out the assumption D--+I, at least for k5 =  0.10667, for a  loss of G of 
such magnitude would be highly unlikely. This does not exclude the possibility 
that G suffers some less extensive drain. 
Because of the excessive sapping of G for D-*I and ks  =  0.10667, the in- 
hibitor decay rate had to be reexamined. In Fig. 11 we have plotted the results 
of these computations  (carried out manually in  the same manner as above) 36  MODEL  OF  GROWTH  AND  GROWTH  CONTROL 
for D-+I,  F,~  ~  C  2,  and k6 values of 0.05033, 0.10667, and 0.21333 (corre- 
sponding  to half-lives of 13, 6~, and 3~ days, respectivelyg); and for D-->I, 
F~, == C, and k5 =  0.21333. It is clear from these curves that the system under 
investigation becomes more  stabilized  and sensitized  as the inhibitor decay 
rate (ks) is increased. At an inhibitor decay rate of 0.21333 (FN  ==  C~), G is 
sapped only to 42.2 per cent of G, before damped oscillations about G~ set in. 
From the dashed curve it can be seen that high inhibitor decay rates appear 
to add to the stability and sensitivity of the system (see Table III) also when 
F~  o= C, although recovery is only about half as rapid. 
In view of these computations for compensatory growth after experimental 
interference in the adult, it would seem unlikely that the inhibitor decay rate 
could be much less than 0.21333 (half-life, 31~ days) if D-->I, for otherwise 
the system would be too unstable because of the excessive drain on G. By con- 
trast, if G-*I, the system is more stable and admits of a wider range of in- 
hibitor decay rates. 
Turning from compensatory reactions  of the adult to those  observable  in 
young animals still in active growth,  the computations of the predicted time 
course become more complex because of the concurrent expansion of the di- 
lution pool. This can be taken into account by utilizing  the general solution 
given by Equations 27, 28, and 29 with cutoff restrictions.  Values of VffV~, 
can be computed from Equation 22 or estimated from the curves  in Fig. 8. 
We chose 61.5 days as the sample age for these computations. The computa- 
tions were carried  out for experimental  reduction of the given organ system 
by one-half  or three-fourths of its mass, for both G--.>I and D-->I,  assuming 
FN  ==  C  2 and k6 =  0.10667.  (Even though, according to what we said in the 
preceding paragraph, the value introduced for k5 is presumably too low, this 
fact does not alter the comparative features and resulting  conclusions drawn 
from the  curves  presented.)  The  starting weights  and  concentrations were 
derived from the  corresponding  standard values in Table  II.  Stepwise  nu- 
merical  integration was  done manually in the same manner as above.  The 
results are represented  in Fig.  12, in which the values for mass for successive 
days taken from Table II are set at 100 per cent (dashed  baseline)  and the 
ordinates plotted as percentages of these standard values of the normal growth 
curve. These normal values were also computed by numerical integration and 
found to agree with the results  obtained from the integrated solutions  given 
by Equations 15 and 18. 
These curves for the young animal show essentially  the same character as 
those for the adult but differ from them in that they more nearly resemble one 
another  for  C,---+I and D---->I, including  the  fact  that  overshooting  occurs 
9 Half-lives of 3 and 5.5 days for antibodies of appro~mate molecuhr weights of 
900,000 and  160,000, respectively, have  recently been established by Taliaferro 
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in both cases. The reason for this difference is that in the young animal  the 
overshooting of the inhibitor concentration (or mass) over its standard value 
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FIG. 12. Predicted compensatory changes in differentiated mass  (top), generative 
mass  (middle),  and  inhibitor concentration  (bottom), after removing one-half  or 
three-fourths of the mass of an organ system during the early growth phase of the 
chick (61.5 days) in percentages of the standard masses attained at the correspond- 
ing ages (as given in Table II). 
is less and occurs later. The apparent stabilization of G for D --4 1 is due to the 
fact that the period of compensatory growth represented in the curve is too 
brief to have permitted C to overshoot Co, because of the concomitant increase 
of the volume of the dilution pool. Presumably, if the  curves for the young 
animal had been continued for a  longer period, their later  course would have 38  MODEL  OF  GROWTH  AND  GROWTH  CONTROL 
resembled that of the  adult  more closely.  Accordingly, a  critical  test of the 
source of the irthibitors, whether D--~ I or G--+ I, could be more readily achieved 
in the adult than in the young animal. 
The  compensatory reactions  described  in  the  preceding  pages  have  been 
engendered by the partial removal of an organ system as a source of inhibitors 
(see  point (a) on  p. 6). As  discussed  in  the  introduction,  a  sudden  decrease 
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FIe.  13.  Hypothetical  growth  reactions  of  the  differentiated  mass (top),  and 
generative mass  (middle)  of an  organ  system and  of  the  inhibitor  concentration 
(bottom), after reduction of the latter to 80 per cent of the value at growth equilib- 
rium (inhibitor decay rate  =  0.21333). 
of  inhibitor  concentration  without  diminution  of  their  source  must  also be 
considered as a  possibility. This might occur as the result of infusion  intothe 
pool of organ debris which would  bind  inhibitors  (see  point  (b)  on  p.  8)  or 
by an artificial increase in the liquid volume of the pool. Calculations for the 
reactions to be expected after such sudden  decrease of C  have been carried 
out for a  sample drop of 20 per cent (corresponding to about one day's yield 
of inhibitors)  for D--*I and G--->I with k5 =  0.21333.  The results are plotted 
in Fig. 13. In both cases the given organ system shows a spontaneous spurt of PAUL  WEISS  AND  ]. LEE  KAVANAU  39 
growth leading to an excess of mass  which in  one case  (D---~I) is  transitory 
while in the other case (G--~I) it is protracted over an extended interval with 
indication of  eventual  asymptotic convergence  upon  the  equilibrium  level. 
DISCUSSION 
Most of the difficulties that have barred satisfactory progress in solving the 
problem of growth are inherent in the nature of the problem. In the first place, 
the term growth has many connotations, differing among biologlcal disciplines 
and varying with the objects of study and the criteria and scales of measure- 
ment chosen. Secondly, even confining attention to just the common core of 
all current concepts of growth, one is still left with a process so complex and 
intricate as to defy the simple and unified treatment that could be accorded 
an "elementary"  process.  For this reason, most past formulations of growth 
either had to remain so strictly empirical as to lack analytical and predictive 
value, or had to resort to highly unrealistic simplifications. The formulation 
presented in this paper is an attempt to strike some balance between these 
extremes. 
For a  summary exposition of the composite nature of the growth process, 
the reader may be referred to a recent review by the senior author (27). Growth 
was resolved there into a  number of tributary processes, some adding, others 
subtracting from, the total tally, which is its measurable index. Some of these 
components have been listed in points 1  to 4  on pages  5  and  6  of the text. 
To take them into account separately, instead of treating growth as a  single 
entity, is a  major step in approximating reality more closely. Unfortunately, 
their logical separation cannot be matched by an equally clear-cut dissociation 
in practice,  hence our procedure  suffers from a  certain indefiniteness, even 
though much less so than does the conventional lump treatment. Admittedly, 
numerical  values  assigned  to  those  not  readily dissociable  categories  (e.g, 
generative mass, differentiated mass, dilution pool) can be no more than con- 
jectural.  However,  the fact that  our equations based  on  these values have 
yielded results and led to predictions which either could be directly verified 
or are at least plausible and testable, strengthens the confidence in the correct- 
ness of the premises. 
It is  this  inner  consistency between  theoretical predictions  and  practical 
experience which is the main strength of our model. That it fits the empirical 
growth curve of the chick as well as it does (Fig. 4) is not crucial--this could 
be achieved simply  by  introducing as many arbitrary parameters as were needed. 
What is essential is that without additional assumptions and ad koc corrections, 
we  could  derive  from  the  formula  reasonable--and  at  least  qualitatively 
verified--predictions of how a  growing system attains stationary size  equi- 
librium, maintains it, and restores it after disturbances such as artificial removal 
or addition of organic mass. 40  ~IODEL  OF  GROWTH  AND  GROWTH  CONTROL 
Our model shares with some past  models of growth the feature that it re- 
produces  the  standard  empirical  growth  curve,  which  has  sigmoid  shape. 
Unlike some older models, however, it has been derived not from purely formal 
assumptions but from considerations of known biological facts; and contrary 
to all former theories, including those based  on biological considerations, it 
attributes the sigmoid decline and  eventual arrest of growth not to an auto- 
matic passive deterioration of the growth potential  of the system, but to an 
active  self-inhibitory mechanism; not to  a  progressive  depletion of  endow- 
ment or exhaustion of resources or accumulation of inert  products or impair- 
ment of access to nutrient, etc., but to the continual production of inhibitory 
compounds by each cell type for its own type, in the absence of which growth 
would go on unchecked. The basic premises underlying this  hypothesis have 
been reported previously (1).  Although for lack of sufficiently comprehensive 
data on individual organ growth, we had to use growth measurements of the 
whole chick, as if all body substance  were producing one single kind of in- 
hibitors indiscriminately, it should be borne in  mind that the phenomena of 
organ-specific self-regulatory growth require  the assumption of organ-specific 
inhibitors. 
By its very nature, our whole treatment must be regarded as, at best, grossly 
approximative  and  the  following  cautionary  qualifications  should  be  em- 
phasized. 
One of the basic distinctions of our model is that between generative mass 
and differentiated mass. Logically, the distinction is cogent, but practically, 
it  is  blurred.  Differentiated mass,  by definition, can  be  equated  with  that 
fraction of a living cell or tissue, which is reproductively sterile (i.e.,  does not 
itself produce more of its own kind). Generative mass, then, is that part of 
the system which does have the faculty to reproduce more of its kind. But this 
is as far as we can go. Any closer identification of the latter category with 
given spatial or chemical entities is defeated by our ignorance of the mode of 
protoplasmic reproduction. The essentiality of the genes as a minimum require- 
ment is taken for granted. But the realization that reproduction of specialized 
cell types is type-specific despite the supposed identity in all somatic cells of 
the genome (not of the nuclei!), necessitates the inclusion of a  much larger, 
extragenic, system (including the templates of our hypothesis) in the definition 
of "reproductive units" of a  cell  (see  Weiss  (9)).  Speaking of a  cell,  a  self- 
reproductive unit then becomes a highly complex system of interacting molecu- 
lar  species,  too  inadequately understood  to  decide  which  cell  constituents 
are instrumentally involved in protoplasmic reproduction and which are dis- 
pensable bystanders. It is equally indeterminable at present whether a  given 
specialized cell product has originated by direct conversion of generative into 
differentiated substance or has been synthesized secondarily with the aid of 
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For  tissues  whose  proliferative  sources  are  confined  to  localized  regions 
(e.g.,  skin, bone marrow, intestine), the non-proliferative portion can at least 
roughly be  circumscribed  as  differentiated mass,  although  the  proliferating 
portion  undoubtedly also  contains  a  certain  unknown proportion  of differ- 
entiated mass. For individual cells,  however, no similar spatial segregation is 
discernible, and we must content ourselves, for the present, with the acknowl- 
edgment of the two types of cell content--generative and differentiated--with- 
out being able to establish their ratios. 
The dichotomy between a  cell engaging in either propagation or differenti- 
ation has long been recognized and even formulated into some sort of exclusion 
principle between two alternative processes  (e.g.,  Stmngeways (28),  Schmal- 
hausen (23)).  What this means is that substances and  energy resources of a 
cell  can be channelled either into reproducing  more generative protoplasm-- 
thus  augmenting the  generative  potential--,  or  alternatively,  into  manu- 
facturing specialized products  (secretions,  myofibrils, cilia, pigments, etc.)-- 
correspondingly reducing the generative potential.  That such a  draining off 
of generative mass into differentiated products is  a  general occurrence, seems 
beyond question. But quantitatively, not even the orders of magnitude of the 
systems involved have been determined.  Thus,  the numerical predictions of 
our model about the ratio between G and  D  are wholly tentative, their only 
support being that they have led to no implausible conclusions. 
A similar uncertainty attaches to the quantitative definition of the dilution 
pool.  Its minimum size  is naturally given by the total volume of the liquid 
spaces  (vascular and extravascular) of the body. But since the inhibitors can 
only act by reentering cell space, a definite, but unknown, fraction of the latter 
should  be  added.  This fraction would be  much  larger  if  the  organ-specific 
inhibitors were to enter all cells indiscriminately than if they were barred by 
virtue  of their organ-specific markers  from entry into  any but  cells  of  the 
matching type. 
The nature of the inhibitors is of course likewise problematic. To be freely 
diffusible, they should be relatively small molecules. Yet they must be able to 
appear in as many different species as there  are  cell  types--or at  least cell 
types subject  to  this type of growth regulation. It is an attractive  thought 
to  place  them among the ribonucleotides (see  Teir  (29))  but this is  wholly 
conjectural. 
As for their sources, the choice has been narrowed down to two possibilities, 
neither of which  can at present  be  discounted  on biological grounds. They 
must be immediate derivatives  of  either  the  generative  mass  (G---~I) or  of 
some part of the differentiated mass  (D----~I).  Although a  direct decision be- 
tween these alternatives seems for the moment unattainable, the two sets of 
curves describing the regulatory growth responses under the  two  conditions 
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in favor of one or the other. The difference in behavior between the  two  is 
due to the greater lag in inhibitor production in the  case D--->I, as  compared 
to G--->I and consequent greater inertia in the feedback regulation of G by I. 
There  are  further  distinctions  which  may  be  summarized  here  briefly. 
For G-*I,  the total size of  an  organ  system  would  be  less  critically de- 
termined than it would for D--->I. This is  due  to  the fact that in the former 
case, the feedback regulates only G, which is a  minor fraction of total mass, 
while D  can pile up without systemic control other than its autonomous cata- 
bolic decay at the rate ka. If one added to a  system already in terminal size 
equilibrium additional bulk D, this would leave the equilibrium of G and FN 
undisturbed,  hence no specific regulatory reaction would set in,  except that 
the  enlarged D  would eventually return to  the norm because of the  deficit 
between its now increased catabolic loss and the unaltered rate of replenish- 
ment from G. For D--~I, on the other hand,  the direct regulatory function is 
assigned to the bulkier of the two components of the organ mass, thus endowing 
the system with greater sensitivity. 
It will  have become evident from this  discussion,  that  automatic growth 
reactions after disturbances,  which have provided us  with  the  elements for 
the construction of our theory and model, now gain further prominence as a 
most sensitive experimental test of the validity of the latter. The curves of 
Figs. 10 to 12 describe the changes that a  growing or stationary organ system 
ought to undergo after reduction of its total mass if our model is qualitatively 
correct. The prompmess  of  the  onset  of the  responses,  the  initial  rate,  the 
shape of the course, and the time required to attain equilibrium are criteria 
which could be verified empirically if appropriate data were on hand. To judge 
from the meager data available in the literature (e.g., Brues, Drury, and Blues 
(30) for compensatory growth of reduced liver; Rollaston (31) for compensatory 
kidney growth after unilateral nephrectomy), our curves reproduce the char- 
acteristic course of these reactions satisfactorily. 
Quantitatively,  however,  our  theoretical  reactions  seem  too  sluggish  as 
compared  to  the  observed values,  both  in  regard  to  onset  and  initial  rate. 
This discrepancy may be due either to insufficient sensitivity of the sample 
solutions of our model which we have tested or to the occurrence in the injured 
system of an  initial  "booster" reaction  (direct injury response)  not  covered 
by our model.  Sensitivity could be increased either by introducing inhibitor 
catabolic decay rates higher than 0.21333  (note the effect of inhibitor decay 
rate on the early phase of compensatory growth in Fig.  11)  or by raising the 
number of inhibitors prerequisite for the inactivation of one template unit to 
a higher value than two, making the negative feedback proportional to a higher 
power of the inhibitor concentration than C  2 (note also the effect of this factor 
from Fig.  11)  but in view of the laborious  calculations involved, such finer 
quantitative adjustments have been deferred pending the availability of more 
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It deserves  to be stressed  that the model possesses sufficient flexibility  to 
admit of such  quantitative adjustments without basic  change of character 
or loss of inner consistency. What is needed next are more detailed and accu- 
rate empirical measurements on growth reactions after a variety of disturbances. 
One of the intrinsic merits of our model is that it specifies critical  terms for 
such  experiments.  Once one  set of accurate experimental data has been ob- 
tained and replaced the conjectural data of our formulae, it will then be possi- 
ble  to check  whether or not the formulae will still hold consistently under 
altered experimental  conditions.  If not, they will have to be emended or,  if 
unremittingly inconsistent,  abandoned. 
Even if our model is fully verified by future observations  and experiments, 
this would not necessarily imply a validation of the specific biological hypoth- 
esis from which  it  has  been  derived,  as  one  could  conceive  of alternative 
biological mechanisms  of growth regulation for which  our model  would  be 
equally valid in a formal sense. 
One feature that is definitely predicted by our model is that compensatory 
growth reactions will overshoot  the equilibrium  level and come to rest only 
after a  series of damped oscillations--a property common to  many negative 
feedback mechanisms. Under favorable circumstances such initial overcompen- 
sations might be of sufficient magnitude to be detectible. In fact, the literature 
contains some scattered data that show the effect although it seems  to have 
been either overlooked or discounted as experimental  error.  It should receive 
special notice in future investigations. 
This last point reemphasizes the major service our model can render in the 
future, which lies in its posing concrete problems for quantitative experimental 
tests. The results of these tests, in turn, will lead to improvements of the model. 
Even in its most perfected  form, however,  the model  will at best  represent 
only the major carrier  wave of growth and growth control,  upon which  the 
effects of many additional factors influencing growth would be superimposed 
(e.g., differential spatial distribution of elements; accessibility and competition 
for nutrients and specific growth factors; hormonal conditioning,  stimulation, 
and inhibition,  etc., see Weiss (27)). If some of these  were eventually to be 
resolved  into effects on specific components  of our model,  the latter would 
thereby gain in universality. But for the time being, a more restrained inter- 
pretation of the underlying theory as representing  merely one, rather than 
"the," principle of growth regulation is definitely indicated. 
SIYM~F_ARY AND  CONCLUSIONS 
A practicable  model of the growth process, which gives better definition to 
the problems of growth and growth regulation and greater precision to experi- 
mental work bearing on these problems than do earlier models, has been devel- 
oped. 
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1. "Growth," as the measured gain of organic mass of a  circumscribed living 
system, is the net balance of mass produced and retained  (incremental  com- 
ponent)  over  mass  destroyed  and  otherwise  lost  (decremental  component) 
within the given boundaries. 
2. The mass of an organic system is regarded as consisting  of two functionally 
different components: 
(a) the generative mass,  comprising  the instruments  of protoplasmic repro- 
duction which remain in reproductive activity, and 
(b) the differentiated mass, derived from the former and consisting of terminal 
products and other secondary derivatives that do not possess the ability 
to reproduce. 
3. Each specific cell type reproduces its protoplasm by a mechanism in which 
key compounds ("templates") characteristic of the particular cell type act as 
catalysts. Each cell also produces specific freely diffusible  compounds antago- 
nistic to the former ("antitemplates")  which can block and thus inhibit  the 
reproductive activity of the corresponding  "templates." 
4. The "antitemplate" system acts as a growth regulator by a negative "feed- 
back" mechanism in which increasing  populations of "antitemplates"  render 
an increasing proportion of the homologous "templates" ineffective, resulting in 
a corresponding  decline of the growth rate. 
5. The attainment of terminal size is an expression  of a stationary equilibrium 
between  the  incremental  and  decremental  growth  components  and  of  the 
equilibration  of  the  intracellular  and  extracellular  "antitemplate"  concen- 
trations. 
6. Both components of living systems, the generative mass and the differentiated 
mass (including the "antitemplates"), undergo continual metabolic degradation 
and replacement. 
B.  Differential  equations  expressing  these  interrelationships  have  been 
formulated and integrated. The parameters of the general  solution have been 
evaluated  for  chick  growth,  and  the  resulting  specific  solution  has  yielded 
wholly reasonable values for the parameters and predictions for other charac- 
teristics of a biological system and its growth. 
The model predicts, for instance, that the fraction of the total body volume 
occupied by the dilution pool, in which the "antitemplates"  are dispersed,  is 
initially relatively large,  and declines progressively, with the absolute increase 
of the pool following a sigmoid course. These predictions are in good agreement 
with  known  facts.  The  model  further  indicates  that  either  more  than  one 
"antitemplate" is required to inhibit the corresponding  "template" or that the 
catabolic rate of loss of "antitemplates"  must be relatively low. Perhaps the 
main value of the model lies in lending  itself to the formulation of such rather 
specific questions that can be submitted to experimental tests. 
C. One of the major tests of the model came from investigating its ability to PAUL  WEISS  AND  J.  LEE  KAVANAU  45 
predict  the  course  of  automatic  growth  regulations  after  experimental  or 
pathological  disturbances.  In agreement with  common biological  experience, 
the model has reproduced adequately the compensatory spurt of growth of a 
tissue mass artificially reduced while within the overt growing stage, as well as 
the automatic resumption of overt growth by the remainder of a mass reduced 
after having reached terminal size. In addition it predicts that the equilibrium 
will be restored, under most conditions, by an oscillatory process, with initial 
overshooting of  the  steady-state level,  as is  characteristic  of many negative 
feedback systems. Furthermore, according to the model, after artificial reduc- 
tion of "antitemplate" concentration in the pool at terminal equilibrium  (e.g., 
by increasing the dilution volume or by inactivating "antitemplates"), growth 
should resume "spontaneously;" that such a  phenomenon can actually occur, 
is likewise indicated by biological observations. 
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APPENDIX I 
Glossary of Terms and Symbols 
ratio between  actual feedback inhibition  at  terminal  equilibrium  and 
potential complete inhibition. 
proportionality factor between the negative feedback and C  x. 
concentration of inhibitor molecules. 
differentiated mass of the organ (or organ system). 
inhibitors produced continually by D. 
rate  of conversion  of G  to D  by the  maintenance  component  of  dif- 
ferentiation. 
rate of conversion of G to D  by the accretion component  of  differen- 
tiation. 
=  subscript referring to terminal size. 
=  feedback term as a  function of C. 
=  feedback term as a  function of G. 
=  normalized feedback, i.e.  feedback expressed  in fractions of its  termi- 
nal value. 
-  feedback inhibition proportional to the xth power of C. 
=  generative mass of the  organ (or organ system). 
m inhibitors produced continually by G. 
=  change in generative mass resulting from conversion of G to D. 
=  change in generative mass resulting from reproduction of G. 
=  number of inhibitor molecules. 
=  rate constant for the accretion component of differentiation. 
rate constant for the maintanence component of differentiation. 
-- rate constant for the catabolic loss of D. 
rate constant for the formation of inhibitor molecules. 
rate constant for catabolic loss of inhibitors  (inhibitor decay rate). 
natural logarithm. 
---- total mass of the organ. 46  MODEL  OF GROWTH  AND  GROWTH  CONTROL 
Mr  =  total mass  of the body. 
o  =  subscript referring to initial size (at zero time). 
t  =  physiological  time  =  the period required for a unit of G to double in 
the absence  of differentiation,  feedback inhibition,  and catabolic loss. 
V  -- volume of the dilution pool. 
VT -  total volume of the body. 
x  -- number of inhibitor molecules required to inactivate one template. 
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